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Abstract: This paper presents an indirect-feedback stochastic model predictive control (IF-
SMPC) algorithm for tracking piecewise constant references. The IF-SMPC strategy for
regulation is combined with the artificial reference approach to reach a neighborhood of the
optimal admissible piecewise constant reference. The main objectives of the proposed strategy
are (i) to avoid feasibility loss due to target change, (ii) to ensure the convergence to the
neighborhood of the optimal admissible target, and (iii) to guarantee the prescribed individual
chance constraint satisfaction provided by an indirect-feedback SMPC solution. It is shown the
proposed IF-SMPC may provide a potentially enlarged feasible region if compared with the
robust SMPC alternative. The formal analyses of the desired properties are presented. A case
study based on a DC-DC converter benchmark is presented to illustrate the usefulness of the
proposed IF-SMPC for tracking piecewise constant references.
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1. INTRODUCTION

Model Predictive Control strategies (MPC) are widely
recognized due to the ability to deal with constraint sat-
isfaction and performance optimization jointly. Robust
MPC algorithms (RMPC) ensure robust constraint sat-
isfaction, recursive feasibility, and convergence properties
despite uncertainties and disturbances. However, RMPC
for systems with additive bounded disturbances may be
very conservative if the worst-case disturbance is rarely
reached.

The Stochastic MPC (SMPC) provides a systematic ap-
proach to achieve constraint satisfaction in probability in
order to reduce the constraint tightening conservatism.
Hence, SMPC can be interpreted as a soft constraint with
formal probabilistic guarantees that depends on the knowl-
edge of a stochastic model of the disturbance (Mesbah,
2016).

The robust stochastic MPC (R-SMPC) algorithms are
based on the transformation of the individual chance con-
straints into an equivalent one-step-ahead deterministic
constraint (Kouvaritakis et al., 2010; Kouvaritakis and
Cannon, 2015), where a robust tightening approach is
employed to the tail of the prediction in order to en-
sure recursive feasibility (Kouvaritakis and Cannon, 2015,
Chapter 8). The indirect-feedback SMPC (IF-SMPC) is
based on a time-variant constraint shift imposed to the
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nominal evolution of a virtual undisturbed state (Hewing
et al., 2020; Hewing and Zeilinger, 2020). Depending on
the closed-loop performance objective, either the robust
SMPC (R-SMPC) or the indirect-feedback SMPC (IF-
SMPC) can provide important advantages (Kohler et al.,
2023). A relevant advantage of the IF-SMPC strategy
comes from its reduced constraint tightening conservatism
as probabilistic backoffs are used for the entire prediction
horizon.

The initial SMPC algorithms have been proposed to
achieve regulation to the minimal robust positively invari-
ant (minRPI) set around the origin (Kouvaritakis et al.,
2010; Kouvaritakis and Cannon, 2015; Santos et al., 2019;
Hewing et al., 2020; Munoz-Carpintero and Cannon, 2021).
However, some modified SMPC versions for tracking piece-
wise constant references have received increasing atten-
tion (Santos et al., 2018; Paulson et al., 2019; D’ Jorge
et al., 2020). The R-SMPC for tracking piecewise constant
references was proposed in Santos et al. (2018) by using
the artificial reference approach. This idea was extended
in Paulson et al. (2019) to deal with mixed stochastic-
deterministic disturbances with a modified disturbance
model. The artificial reference was also used in D’ Jorge
et al. (2020), where the recursive feasibility is ensured by
an additional constraint that requires the knowledge of the
maximal control invariant set, but none of them uses the
indirect-feedback concept. Hence, despite the relevance of
the IF-SMPC for regulation (Hewing et al., 2020; Hewing
and Zeilinger, 2020), an IF-SMPC algorithm for tracking
piecewise constant references is not available in the litera-
ture to the best of the authors’ knowledge.
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The objective of this paper is to propose an IF-SMPC for
tracking piecewise constant references from the combina-
tion of the IF-SMPC for regulation with the minimization
of a suitable artificial target with respect to the desired ref-
erence. The main properties of the proposed algorithms are
presented and discussed. Recursive feasibility and conver-
gence properties are formally shown. Moreover, a motivat-
ing case study based on a DC-DC benchmark is presented
to illustrate the benefits of the new IF-SMPC for tracking
piecewise constant references. The manuscript is organized
as follows. Section 2 revisits the preliminaries discussion,
Section 3 presents the proposed IF-SMPC strategy and
its main properties, Section 4 illustrates the advantages
of the IF-SMPC with respect to the R-SMPC, and the
conclusions are highlighted in Section 5.

Notation. For a given matrix M or a scalar A # 0 and
a set X, MX = {Mz|z € X} and \X = {Az|z € X}
The notation N describes the set of non-negative integers,
Ni4,p) is the set of integers lower bounded by a and upper
bounded by b, N>, is the set of integers equal or greater
than a, and R is the set of real numbers. A positive
(semi-) definite matrix T is denoted by T > 0 (T > 0).
The Euclidean vector norm is defined by ||z|| = VaTx
and the weighted norm-2 for a vector is represented by
l|z|lq = ||Q'2z|| = /=T Qx, where Q > 0 is the matrix
weighting. The j-th row (element) of a matrix M (vector
x) is represented by [M]; ([z];). The variance of a random
variable w is represented by V{w}, the expected value is
described by E{w}, and the probability of an event A is
denoted by Pr{A}. Given a set two vectors, namely v €
R™ and w € R™, the vector z = [v" w']" is represented
by z = (v, w). Consider the sets U and V, the Minkowski
sum is represented by UV ={u+v:u e U, ve V}.

2. BACKGROUND - SMPC USING INDIRECT
FEEDBACK FOR REGULATION

2.1 System description

A linear time-invariant system subject to stochastic dis-
turbance is defined by
z(k + 1) = Az(k) + Bu(k) + Byw(k), (1a)
y(k) = Cz(k) + Du(k), (1b)
where x(k) € R™ is the state vector, u(k) € R™ is the
vector of control input, y(k) € R™ is a linear combination
of the state vector and control input for set-point tracking,
and w(k) € R? is the vector that represents the stochastic
disturbance.
Assumption 1. It is assumed that w(k) is a zero mean,
independent and identically distributed (i.i.d.) random
variable with a known distribution represented by w(k) ~
W with finite support where w(k) € W, and W is a
compact set.

Assumption 2. It is assumed that the pair (A, B) is stabi-
lizable.

The individual chance constraints and the control con-
straints are defined by

Pr{[HLE]Tx(k) < 1} > Pj, .7 € N[l,rw]a (2)
[Hu]ju(k) < 1a ] € N[l,ru]a (3)
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where p; € (0,1], and r is the number of individual state

constraints and r, is the number of control constraints
with » = r, + r,. Notice that

[HJyu(k) <16 Pr{{H]ek) <1} =1 (4)

Then, a unified representation can be expressed as follows

Pr{[F];z(k) + [Glju(k) <1} > p;, j € Ny (5)

2.2 Closed-loop paradigm

An affine control parameterization is given by
u(k) = Kz(k) + c(k), (6)

where K ensures that ® = (A 4+ BK) is a Schur matrix.
The difference between an undisturbed evolution (s(k))
and the effective state evolution (z(k)) can be bounded by
the error (e(k) = (k) — s(k)) given by

x(k+1) = ®x(k) + Be(k) + Byw(k), (7a)

s(k+1) = ®s(k) + Be(k), s(0) = z(0), (7b)

e(k+1) = ®e(k) + Byw(k), e(0) =0. (7¢)
Alternatively, the error is determined by

k—1
e(k) = 3 @51 B w(i). 8)
=0

The chance constraints proposed in Eq. (5) can be rewrit-
ten as follows

Pr{[F];(s(k) +e(k)) +[G]je(k) < 1} > pj, j € Ny, (9)
where ([F]; + [G];K) = [F];. Once s(k) and c(k) are

assumed to be known values, and e(k) is a random variable
given by Eq. (8), then the chance constraints can be
reformulated as nominal tighter constraints described by

[Fljs(k) + [Glic(k) < 1—[wl) (10)
where v, € R" defined a backoff sequence to be computed
offline.

The sequence I' = {71, 72, 743, ...} can be obtained from
the following problem

e = min p (11a)

-1

s.t. Pr {[F]j > eI BLw(i) < P} > pj, (11b)

w(z) ~W, i€ NZQ. (11(})

Either a sampling-based approach (Lorenzen et al., 2017)

or an analytical method can be used (Kouvaritakis et al.,
2010) to solve this problem.

A non-decreasing backoff property is imposed in order
to avoid numerical problems as in (Kohler et al., 2023,
Appendix B) such that

:Yk :max(7k7’yk—1)7 kENZla (12)
where 4r < k41 as a consequence. Moreover, as ¢
is a Schur matrix, the following bounded limit holds
limg 00 Y& = Yoo Then, due to the finite support assump-

tion, an upper bound can be obtained robustly as proposed
in (Kohler et al., 2023, Appendix B), i.e.

pr
1—p’
where k; > 1 is a free truncation parameter arbitrar-

ily chosen, C' and p are computed such that the in-
equality [|®*|| < Cp* holds for k € N, and [C]; =

Ymax = Yk, +C (13)
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[[F); || maxy,ew || Bowl]||C]|. A larger value for k; reduces
the approximation conservatism. Further details can be
found in Kohler et al. (2023).

The terminal invariant set for IF-SMPC implementation
should be admissible with respect to the following con-
straint o ~

Z={2eR": Fr <1, — Ymax}- (14)
2.8 Optimization problem — IF-SMPC' for requlation

The indirect SMPC optimization problem is defined from
a standard cost function with mean value predictions given
by

Zoir = z(k), (15a)
Tip1k = ATk + By, (15b)
Uil = KT + Cijgs (15¢)

where c(k) = [c(—)rlk CIU@ 011\—r71|k]—r' The optimization
problem is defined from the following cost
N-1
T (@(k);se(k) = > Ui, W) + Vi(@nw),  (16)
=0

where [(Z;,U;) is a positive definite stage cost and
Vi(Tnk) is a suitable terminal cost for stability. Then,
the complete IF-SMPC optimization problem is given by

H(llig)l I (x(k); c(k)) (17a)
Zip1k = @Ty)k + Begjp, i € No v_1), (17¢)
so|k = s(k), (17d)

Sit1k = Psix + Beyr, i € N n_q, (17e)
Fsip + Gege < 1 — Yisn, i € N v—1, (17f)
SNk € Xf, (17g)
where s(0) = z(k), s(k + 1) = ®s(k) + Beg,, Xy is
defined as an admissible positively invariant set such that

OXy C Xy, Xy C Z. The control law is obtained from the
receding horizon paradigm as follows

u(k) = Kz(k) + ¢, (18)

where K is any stabilizing state-feedback gain. In general
the infinite horizon LQR gain is used Kouvaritakis and
Cannon (2015). Notice that the cost function is optimized
with respect to the initial condition given by To, = x(k),
but the constraints are imposed on a nominal variable s(k).
Recursive feasibility and constraint satisfaction is ensured
because (17f) implements a sliding tighter constraint con-
dition.

2.4 Steady-state parameterization for tracking constant
references

The equilibrium of an LTI system given by (la) can be
characterized as follows

(a1 5[] o

T ET]T

(19)

where Z = [T is any vector from nullspace of the
matrix [(A — I) B]. Alternatively,

@ u']" = My, (20)
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where the columns of My is a base for the nullspace of
[((A-1I) B], My = [M,] M[|", 7 = M,0, w = M,0, and
0 € R™ is the parameter that defines the equilibrium.
Then, the linear state-feedback control law is rewritten as

follows

u(k) =K (z — T) + 1,
=Kz(k) + L0,

(21)
(22)
where L = — KM, + M,.

A trivial parameterization can be defined by (Santos et al.,
2018)

M,=(I—-A—-BK)'B, (23)
M, =1+KM,, (24)
M, = CM, + DM, (25)

where the eigenvalues of A + BK are strictly inside the
unit circle and L = - KM, + M, = 1.

An offset cost function (V,) is defined to achieve an
admissible target if the desired target is not feasible
or reachable in steady-state conditions. The following
assumption is considered

Assumption 8. V, : RP — R is a convex, positive-definite
and subdifferentiable function with V,(0) = 0.

Finally, the optimal admissible equilibrium, namely
(z,ur) = (M,0%, M,0%), is defined by the following aux-

(o2 o

iliary optimization problem

Irelin Vo (Yoo — My8,) (26a)

st. FM,0, 4+ GLO, < (1, — Ymax)A, (26D)
where 0 < A < 1 is a scalar constant that is used to
avoid the constraint frontier. The constraint frontier is
not a desired equilibrium due to the potential lack of
controllability and its numerical consequence for MPC
optimization in the constraint border.

3. IF-SMPC FOR TRACKING PIECEWISE
CONSTANT REFERENCES

The proposed IF-SMPC is given by a cost function anal-
ogous to (Ferramosca et al., 2010; Paulson et al., 2019)
based on the dual model paradigm where

P=3"Pd+Q+ K'RK,
¥ =R+ B'PB,
where K is the state-feedback given by the LQR solution.
The objective of this closed-loop paradigm formulation
is to simplify the formal analysis as the arguments are

analogous to the related works (Ferramosca et al., 2010;
Paulson et al., 2019).

Then, the complete IF-SMPC optimization problem is
given by
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N-1
. T
> e+ Volye(k) — yalk 29
c(lI(r)l}GI}k) i=0 cl‘k cl|k+ (yt( ) Y ( )> ( a>

s.t. so = s(k), (29b)
alk) = M, (k). (290)

Gtk = o + LO(), i € N y—1), (29d)

Sit1k = Psix + Béijx, @ € Ng n_1j, (29)

Fsyp + Gy < 1o — Yign, i € Njo,n-1]5 (29f)

[SLUC o(k)T]" € 9, (29g)

where s(0) = z(k), 0(k) is a free decision variables that

defines the nominal steady state target (Santos et al.,
2018), s(k + 1) = ®s(k) + Bcg,, Q is defined as an
admissible positively invariant in order that (s,6) € Q
ensures (i) ®s+ BLO € Q, (ii) Fs+GLO < 1, — Ymax, and
(iil) FM,0+ GLo < (1, — Ymax)A for a given 0 < A < 1.

-

The control law is obtained from the receding horizon
paradigm as follows

ulk) = Kx(k) + & + LO* (k). (30)

3.1 Main properties of the proposed IF-SMPC

The new SMPC for tracking piecewise constant references
has some useful properties as: (i) recursive feasibility,
(ii) convergence to the minRPI centered on the optimal
admissible target, (iii) chance constraint satisfaction.

The recursive feasibility proof is presented in Appendix
.1. The proof is based on the standard candidate defined
by ac(k + 1) = 9*(k)v C;\k'—&—l = C;_1|kv Jj € N[O,N—Q]a
and ¢°N — 1|k +1 = 0. Further details are presented in
Appendix .1.

The convergence property is mainly shown in Appendix
.2. It is demonstrated that

lim u(k) = lim Kz(k) + L6§, (31)
k—o0 k— o0
= klim K(x(k) — af) + up, (32)
—00

where x5 = M,0; and uj = M,0; and 6} defined the
optimal admissible target as in the optimization problem
(26). Then, from Eq. (1a) and Eq. (32),

lim a(k+1) —2f = lim [@(a(k) - 25) + Byw(k)], (33)

or simply
lim z(k) € {5} @ A, (34)
k—oo
klim u(k) € {uy} & KA, (35)
— 00

lim y(k) € {43} & (C + DK)A,
where A = @7, ¥/ B, W is the minRPI.
Furthermore, the individual chance constraint satisfaction
is a direct consequence of the following nominal constraint
FSOUC + Gégie <1 — Vi, (37)
Fs(k) + Gé(k) <1, -y, (38)
where so = s(k), ¢(k) = ¢, + LO*(k), and u(k) =
Kx(k) + ¢(k).

Finally, the following chance constraints are ensured for
j € Nppyj from (38)
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Pr{[F;(s(k) + e(k)) + [G];&(k) < 1} > p;, (

Pr{[F];a(k) + [G];&(k) < 1} > pj, (40)

Pr{[F];z(k) + [G]ju(k) <1} = p;. (
Therefore, chance constraint satisfaction is ensured as
expected.

8.2 Steady-state properties

Firstly notice that w(k) ~ W is assumed to be i.i.d. with
zero mean. Let Z(k) = x(k) — 2§ be defined as the tracking
error, and ¥, = V{B,w(k)} represents the disturbance
variance.

Then, the variance in steady state is computed from
lim #(k+1)"@(k+1) =
k—o0
Jim [7(k) + Byw(k)] " [@2(k) + Byw(k)).
—00
As Z(k) and w(k) are not correlated due to the i.i.d,
assumption (E{z(k)T®T B,w(k)} = 0), the steady-state
variance is given by
lim V{z(k+1)} = lim V{z(k)} @TOV{Z(k)} + Z,.
k—o0 k— o0 (43)

Define ¥, o = limy_,o V{z(k)} as the steady-state vari-
ance, its value can be computed by

(42)

S0 = g 0o(A+ BE)T(A+ BK)S, o0 + Sy.  (44)
The expected value of the tracking error is given by
klim E{z(k+1)} = klim E{®Z(k) + Byw(k)}, (45)
—00 —00

where E{B,w(k)} = 0. Therefore, the steady-state track-
ing error is simply

lim E{Z(k+ 1)} = lim E{®z(k)} (46)
k—o0 k—o0
which guarantees that
klim E{z(k) — a5} =0. (47)
—00

Remark 1. Tf E{B,w(k)} # 0 an offset-free target correc-
tion can be implemented as in Paulson et al. (2019).

3.8 Positively invariant set for tracking piecewise constant
references.

The positively invariant set for tracking piecewise constant
references (§2) is a fundamental ingredient to implement
the IF-SMPC for tracking. It is shown that a finitely
determined set (£2) can be computed as a maximal out-
put admissible positively invariant set with the standard
algorithms available in the literature (Gilbert and Tan,
1991).

Consider the following augmented system

N

or simply x(k + 1) = ®,x(k) where x(k) is defined by

x(k) = [s(k+N)" 0(k)T]".

The positively invariant set for tracking can be defined by
Z; = {x e R"™ : [F GL]®. x < 1, — Ymax}, (49)

T ={(5,0) €R"™™ : FM,0 + GLI < (1, — Ymax) A},
(50)
(51)

(48)
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where m is a finitely determined index that avoids redun-
dant intersections (Gilbert and Tan, 1991).

The verification of the finitely determined condition is
presented for completeness. Consider, with no loss of
generality, that the trivial equilibrium parameterization is
used with M, = & 'B, M, = I + KM,, and L = I.

Notice that M, = 372, ®'B = >,_; B+ &' ;2 &'B
or simply ‘
M, = i ‘B + @' M,. (52)
Moreover, the followingéi:doentity holds with L =T
[F GL)®' = |F®'B Fi ®*'B+G (53)
=[Fo'B —;;;Mx] +[0 FM,+G]. (54)

Now for a given index i, a constant u; ; is defined as follows

(1] = max [F];®'Bs — [F];®' M0 (55a)
S.t.FS + Ga § 17“ — Ymax; (55b)
where Zy = {(s,6) E ]R”*”f’ Fs+ GO < 1, — Ymax} is
a compact set. If [1;]% < (1 — [Ymax);)(1 — A), then the
following transient haI]f space obtained from Z;
[F]; [GI]195x < 1= [Ymaxl;
is redundant with a correspondent half-space of T,
[O [F}JMI + [G]]]X < (1 - ['Ymax} )>‘
Notice that 1—[Vmax]; = (1= [Vmax]j)A+(1 ['VrnaX] )(1=2)

and the worst-case difference between a vector in Z; and T
is smaller than the slack provided by (1 — [Ymax];j)(1 — A).
Alternatively, this fact can be verified from Z,; C Z; where

Z,={(5,0) e R™"0 - (FM, +G)8 < (1 — [Ymax))A + i },

(56)
where 6; = (1 — [Ymax];)(1 — A) — p. Therefore, as §; > 0,
then T C Z, C Z;, the redundant condition is verified and
a finitely determined criterion can be used as in Gilbert
and Tan (1991).

In summary, as the eigenvalues of ® are strictly inside
the unit circle and Zj is a compact set, the index (m),
also known as determinedness index, can be finitely de-
termined using standard invariant set computation algo-
rithms (Gilbert and Tan, 1991).

4. CASE STUDY

The DC-DC converter benchmark problem has been used
in several related works (Lorenzen et al., 2017; Santos
et al., 2018; Paulson et al., 2019; D’ Jorge et al., 2020).
Now, two discrete dead-times (d = 2) have been included
to emphasize the benefit of the IF-SMPC. The model
parameters are given by
1 0.0075 4.798
Ae = {—0.143 0.996] Be = [0.115} Ce=101],
where £(k + 1) = Ac&(k) + Beu(k — d) + w(k) describes
the disturbed LTT system with delay. The augmented
delay free model is used such that x(k) = [¢(k)T u(k —
2) u(k — 1)]7, y(k) = [0 1 0 0]z(k), where A, B,
D, and B,, are directly obtained from the correspondent
augmented model. The R-SMPC works well in the absence

ISSN: 2525-8311

0211

of dead-time (Santos et al., 2018; Paulson et al., 2019), but
the robust formulation may become very conservative for
systems with input delay.

Stochastic disturbances are assumed to be bounded by
[|wk]loo < 0.12, where wy, is defined from a truncated nor-
mal distribution A(0,0.0427). The hard input constraints
are given by ||u||s < 0.4, while the state constraint sets
are defined as

P[[a)‘kJrl]l S 3} Z 0.8, P[[l’kJrl]l Z —3} Z 0.8,
P[[$k+1]2 S 3} Z 0.8, P[[.Z‘k+1]2 Z —3} Z 0.8.

The SMPC parameters are chosen to be @ = diag(1,10),
R=1,N=5Vo(y: —7;) = ||yt — ytHT , T, = 1000, and
K is the LQR solution. A constant value of A =0.99 is
used for the steady-state contraction in order to compute
the terminal invariant set.

Initially, the trajectories of the R-SMPC and the IF-
SMPC are presented in Fig. 1. The trajectories depart
from x(k) = [~1 —3 0 0] and the reference is sequentially
changed (y:(k) = 2.8, y:(k) = 0, and y;(k) = —2.8). The
constraint tightening of the R-SMPC reduces the effective
workspace domain and the region of admissible target.
Notice that no constraint violation is verified despite the
margin provided by the individual chance constraint.

The individual chance constraint satisfaction of the IF-
SMPC can be verified from Fig. 2. Although the empirical
probability (ratio between the event occurrence and num-
ber of observed samples) is an approximated measure, it
is verified that the constraint violation is approximately
respecting the upper constraint violation bound (20%). As
previously discussed, the main contribution of the chance
constraint approach is to allow constraint violation with
formal probabilistic guarantees.

Lastly, the convergence of that average of the control and
output responses can be analyzed from Fig. 3. As the
worst-case backoffs are used in the R-SMPC, the impact
on the admissible steady-state region is significant. Hence,
the references (y;(k) = £2.8) are not admissible in the
R-SMPC case. On the other hand, the IF-SMPC has less
conservative tighter constraints as the implicit tubes are
entirely computed from probabilistic backoffs. In this case,
an offset-free average result was obtained, as expected.
Therefore, the IF-SMPC is an important stochastic MPC
approach for tracking piecewise constant references as the
admissible steady-state region is a crucial element of the
MPC algorithms based on the artificial target approach.

5. CONCLUSIONS

An indirect-feedback stochastic MPC strategy for tracking
piecewise constant references has been proposed in this
work. It is shown that recursive feasibility and conver-
gence properties can be ensured. The prescribed individual
chance constraints are respected while the conservatism of
the backoffs is reduced. As a consequence of the improved
constraint-tightening method, the admissible target region
is potentially enlarged. An illustrative case study based
on a DC-DC converter control problem with dead time is
also presented. The problem with mixed disturbance and
parametric model uncertainties are interesting topics for
further investigation.
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Figure 1. Trajectories evolution with 5000 disturbance
realization scenarios. The circle (o) represents the
initial condition while the other marks (x) indicate
the desired equilibria.
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Figure 2. Empirical probability of constraint violation 5000
disturbance realization scenarios.

Appendiz. Recursive feasibility and convergence proof

.1 Recursive feasibility

The recursive feasibility proof follows the standard linear
MPC steps. Let ¢*(k) = [cj;, --- C?V71|k]—r be the optimal
control sequence, then c(k + 1) = [c]), .. cy_y, 0"
and 6°(k + 1) = 6*(k) define a feasible solution with

C5\771|k+1 =0.

The proof is direct because the nominal evolution is
defined by s(k + 1) = ®s(k) + B(cp), + LO(k)). Hence,
sgl kil = s’l“ . due to the nominal prediction concept such

c — *
that S%ke1 = S|k

The constraint satisfaction of the candidate solution is
verified as follows: (i) Fsj, + G¢jj; < 1p = Yigx, @ €
Ny, n-1] ensures ﬁ‘sf‘kH + Géf‘k_H < 1, — Vitk, ¢ €
Njg,n—2] because 5§|k+1 =

straints defined by Fsﬁvfukﬂ"'GLec(k"'l) <1, —YN-1+k
are guaranteed because (s}(\,| w07 (k) € Q such that
FSCN71|k+1 + GLGC(]C + 1) < 1r — Ymax < 17‘ — YN—-1+k;
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Figure 3. Empirical expected value of the output and
control action.

and (ili) (s§441:0°(k + 1)) € ©Q due to the positively

invariant property of €, i.e. @8}*\[',6 + BLO*(k) € Q where

Shap = Py + BLOT(K) and s}y ), = 8-

.2 Convergence

The convergence of the control law is analyzed in this
section. A constant target is assumed where y; (i) = yoo for
i > k. The optimal admissible artificial target y; = M0}
defined from the following auxiliary problem

Héin Vo (Yoo — Myb,) (.1a)
s.t. FMy0, + GLOy < (1, — Ymax) A (.1b)
The optimal cost value is given by
N—-1
Vi (s(k),y(k)) = Y el + Volye (k) — M6 (k)), (:2)

i=0
and the optimal cost value associated with the candidate
control sequence c(k + 1) with ¢N_1jk1 = 0 and candi-
date artificial target 6¢(k + 1) = 0°(k) is also defined as

follows

N-1
Vi (s(k + 1), 90(k) = D lleiralls
i=0

+ Vo(ye(k) — M,0°(k+1)), (.3)
N—-1

=3 lleiully
+ Vol () — My0* (k) (4)

= Vi (s(k), 5e(k)) = llcgille- (-5)

Since candidate solution cost is worst or equal to the
optimal cost, then V¥ (s(k + 1),y:(k)) < V§(sk+1,YL)
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according to the optimality principle. Thus, the optimal
cost must satisfy the following inequality

Vi (s(k + 1), yu(k)) = Vi (s(k), ye (k) < ~legpll G- (:6)

Now, for notation simplicity, define Jy, = Vi (s(k), y(k)).
If a feasible initial condition holds, for any finite target,
Jo < oo. Then, as Jp11 < Ji — ||c6|kH\2p, the following
bound holds

oo < Jo = Nl (7)
k=1
However, Jj, > ||c§lk||%l, for all k£ > 0. Therefore, as ¥ > 0,
then
Jinn e =0 (8)
where ¢(k) = ..

This result ensures that the control law converges to
lim u(k) = lim [Kz(k) + LO*(k)]. (.9)
k—oc0 k—o0

Now notice that 0°(k+j) = 6*(k),7 =0, 1, ... ,N,—1lisa
feasible candidate sequence. Hence, due to the convergence
of limg_, 00 Yk = Yoo combined with limy_, ||c(k+7)]| = 0,
it is observed that limy_, o ||C§‘k|| = 0 is also feasible in
steady-state condition. This nominal convergence guaran-
tees the following upper bound for the optimal cost

dim Ty < Vo(ye (k) — M,0"(k — 1)) (-10)

because c¢(k) = [0 0 ...0]T with 6°(k) = 0*(k —1). On the
other hand, a lower bound for any instant is given by

Ji = Vo(yi(k) — My0% (k)). (-11)
This result guarantees that

lim Jy, = lim V,(y:(k) — M,0*(k)), (.12)
k—o0 k—o0 :

where 0*(k) = pr6*(k — 1) + (1 — p)0*(k), 0 < p, < 1

defines a convex combination. Finally, the convergence
defined by limg_,o 6* (k) = 6% is shown by contradiction.

Assume that limy_,o 0* (k) # 05. Notice that J, = Ji . +
Jk,0 where

N1
. T T
Jim Jp, = lim ;:0 ik Yk (-13)
lim Jio =Vo(Yoo — My lim 6%(k)) (.14)
k— o0 k—o0

due to the continuity of V,(). As J; is a convex func-
tion, the global minimum of Jj . (limg— o0 Jk,e = 0 with
limy o0 Jk,0 = Vo(Yoo — My limg o0 8% (k))) is only reached
in the joint optimization problem (J, = Ji . + Ji,0) if the
global minima of Jj . and Jj , are achieved jointly. Oth-
erwise, a convex combination of both solutions (individ-
ually optimal solutions) should be obtained as the global
optimal solution because the individual and the joint opti-
mization problems are convex. Notice that in this absurd

case (limg_ o 0*(k) # 60%) an improved solution could be
obtained by defining 0°(k) = 80*(k) + (1 — B)0; # 0*(k),
for a given suitable g (0 < 8 < 1), that contradicts the
global optimality of the steady-state solution. This absurd
choice is possible because 6*(k) is not a minimizer for V,
and the optimization problem is convex. Therefore, the
only feasible steady-state solution is given by

lim 6*(k) = 67, (.15)
k—o00
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where limy_, o 0* (k) = limy_, o0 6% (k) = 63.

]
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