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Abstract: This paper addresses the output feedback control design for Linear Parameter-Varying
discrete-time systems subject to persistent disturbances while guaranteeing the fulfillment of
state, control, and control variation constraints. The constrained control system is described
in the extended state space composed of the system’s state and control variables, in which
the control variations act as the control inputs. By leveraging the Robust Positive Invariance
property, we propose a new set of algebraic conditions that are then used to build up a bilinear
optimization problem that jointly computes an external set of admissible initial conditions,
an internal set where the system’s trajectories will be ultimately bounded, and the necessary
control gains to guarantee regional closed-loop stability. Furthermore, examples are provided to

showcase the technique’s capabilities.
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1. INTRODUCTION

Linear parameter-varying (LPV) systems have garnered
significant attention in the control community due to
their versatile applications. They can effectively model
the dynamics of linear systems influenced by time-varying
parameters. Additionally, they can represent nonlinear
systems through quasi-LPV or Takagi-Sugeno (TS) fuzzy
models, providing a comprehensive framework for analyz-
ing and synthesizing parameter-varying control laws, see
e.g. Klug (2015). Counsideration of persistent disturbances
is essential for an even wider array of applications since
disturbances are common in most physical processes. No-
tice that the disturbances are usually naturally bounded
in amplitude, making it realistic to deal with persistent
disturbances and measurement noises. Furthermore, it is
usual not to have all states accessible, thus requiring
the practical application of output feedback control laws
(Briao et al., 2021; Bender and Gomes da Silva Jr, 2012).

In the above context, recent works (Sereni et al., 2022;
Peixoto et al., 2021) propose static output feedback control
designs through LMIs, devised from the Lyapunov theory
to stabilize LPV systems subject to persistent distur-
bances. However, their approaches do not consider state
or control constraints present in most real-life control sys-
tems. Differently, Hempel et al. (2011) utilizes the concepts
of polyhedral invariant sets to guarantee stability through
output feedback control of an LPV system subject to state
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and control amplitude constraints. In Dérea et al. (2020),
the authors consider state feedback control laws for Fuzzy
Takagi-Sugeno systems subject to state and control con-
straints utilizing the Robust Positive Invariance concept to
build a bilinear optimization problem for design purposes.
However, the proposed method does not deal with control-
rate variation limits, which is the primary concern of the
present work. Concerning the subject of control-rate con-
straints, Da Silva et al. (2008) and Bender and Gomes da
Silva Jr (2012) consider continuous and discrete-time LTI
systems, which are also subject to bounded disturbances
and control amplitude limits. In both papers, the proposed
dynamical output feedback controllers are designed using
LMI optimization problems.

Another popular approach to handling constrained sys-
tems like LPV systems is Model Predictive Control
(MPC), or, when dealing with disturbances, its counter-
part, Robust Model Predictive Control (RMPC). In Yang
et al. (2016) and Ping et al. (2021), for example, utilizes
the RMPC to reach a terminal ellipsoidal Robust Positive
Invariant (RPI) set that is also built from a set of linear
matrix inequalities (LMIs) through the Lyapunov theory.
Notably, both Yang et al. (2016) and Ping et al. (2021)
apply an output feedback controller and consider control
amplitude constraints. Further, Ping et al. (2021) applies
a tube-based MPC and also considers state constraints. In
Ding et al. (2019), an LPV system subject to state and
control constraints and bounded disturbances is treated.
However, the varying parameter is considered unknown,
and the output feedback controller designed is robust re-
garding the varying parameters.
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In this work, beyond the LPV system being subject to
bounded persistent disturbances and control and state
amplitude constraints, the proposal deals with control-
rate constraints by considering a new incremental output-
feedback-based control law. As in Ernesto et al. (2021)
and Ernesto et al. (2022), the proposed design method
is built upon the description of the LPV control system
in the extended state space composed of the system’s
state and control variables, in which the control variations
act as the control inputs. However, to deal with the
persistent disturbance and fulfill the imposed constraints,
similarly to Briao et al. (2021), we use the RPI property
for polyhedral sets to build a large RPI polyhedron of
admissible initial augmented states and a small polyhedron
around the origin where the corresponding trajectories will
be ultimately bounded. Moreover, aiming to obtain more
degrees of freedom in the controller design, we consider
an additional memoryless output feedback gain to the
incremental control law. This study shows, in particular,
that such a memoryless term keeps the closed-loop system
represented as a classical polytopic LPV system. Thus,
the proposed numerical solution can be built up from the
vertex matrices of the closed-loop polytopic model, as in
Ernesto et al. (2021).

The paper is organized as follows. First, we present the
target system, its constraints and disturbances, and the
incremental control problem. It is followed by section 3,
where we tackle the incremental output feedback design
approach by utilizing the robust positive invariance and
set inclusion concepts. Then, we illustrate the results with
two examples: a theoretical double integrator and a real
coupled tank system. Finally, we present a conclusion,
including some thoughts about an ongoing work.

2. PROBLEM PRESENTATION
Consider the plant represented by a linear parameter-
varying (LPV) discrete-time system given by

xz = A(ag)zr + Blow)ug + Bp(ouw)p
yr = Cxp + Dymy

(1a)
(1b)

where z; € R"* is the state space vector, z;y = zpi1,
up € R™ is the control input, yr € R™ the measured
output vector, and p; € R™ and 7, € R™ are exogenous
disturbance vectors, bounded in amplitude.

The system’s matrices are such that C € R"*"= D, €
R™*"n and

M
[A(ar) Blax) Bplar)] = aix[Ai Bi By, (2)

i=1
with 4, € R"%*"= B, € R"™*™ and B, € R"*"»,
for ¢ = 1,..., M, where the parameter-varying vector

ar €S ={ap e RM : q; , > O,Zf\il ik =1}

Moreover, the system is subject to state, control ampli-
tude, and control rate variation constraints represented by

the closed polyhedral sets, with 1, = [1 ... 1] € Rb,

X= {x: Xxp <1}, X € Rlexne, (3a)
U= {up:Uup <1}, UeRwM (3b)
Uy = {Suy, : Ugdug < 1;,}, Uy € RIeXm, (3c)

where, by definition, duy = ug4+1 — ug, and the persistent
bounded disturbances
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P= {pr:Ppr <1}, P Rw»*",
N = {T]k : N?]k < lln}, N ERlnxn".

(4a)
(4b)

In the above constrained control set-up, the desired objec-
tive is: to compute an incremental output feedback control
law, possibly dependent of the varying parameters,

Juk

g1 7=k + f (Y Uk Yht1, k), (5)
and an admissible set of initial conditions for the cor-
responding closed-loop system, denoted L, such that for
any closed-loop initial state belonging to L, any persistent
disturbances sequences p, € P and n, € N, and for any
varying parameter ay € S, the corresponding closed-loop
state trajectory fulfils the state, control amplitude, and
the control rate variation constraints, (3a)-(3c), and is
ultimately bounded in a small set Loy around the origin.

To pursue the objective, which, in particular, considers
rate-control limits and an incremental output-like feedback
control law, we shall re-formulate the problem by defining
the augmented state as in Ernesto et al. (2021),

&k = [‘T;c u;c]/ € R, g = Ng + Ny, (6)
and an output vector as follows:

/
v = [Yh Wy Yhir] €R™, ny =21y + n,. (7)

Thus, we can define the following augmented LPV system
from (1) such that the control variation vector duy and
the augmented output vector vy, appear as virtual control
input and output signals, respectively:

£k+1 = &(O‘k)gk Bouy Bp(ak)pk
&k
= +D
Uk C |:yk+1 'l
where, by construction,

ow s - S5 [4 2] [5]) - [}

D77
0
0

(8a)
(8b)

CcCo0o0
and C= {0 I 0| and D, =
001

Thus, we can consider the following parameter-varying
control increment input vector, which is the virtual output
feedback control input for the augmented system (8),

5uk = K(ak)vk = [K(ak) f((ak) Kl] [ zlz ] y (9)
Yk+1

M

where, by definition, K(ag) = Zam [Ki K; Kl], with
i=1

K; € R K, € R'Xm Y = 1,..., M, and K, €

R™MuXny

It is worth mentioning that the control gain matrix K; is,
by definition, independent of the varying parameter «y.
As in Ernesto et al. (2021), such a choice allows us to deal
with an LPV closed-loop system with a polytopic repre-
sentation. Moreover, whenever K; # 0, such a gain matrix
will represent an additional degree of freedom with respect
to the simpler increment input dug := f(yk, ug, @k ), which
is equivalent to consider K7 = 0 in (9).
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Remark 1. Notice, from (9), that the actual parameter-
varying incremental control input, (5), to be applied to the
plant (1) at each new discrete-time instant k, reads

up = (I + K(ag-1)) uk—1 + K(og—1)yp—1 + K1yp. (10)

In particular, in the initial instant & = 0, yo is directly
transfered to ug, if Ky # 0.

From (8) and (9), we have the closed-loop system can be
represented by

Ept1 = A% (ar)6r + BY (ax)ds, (11)
where [A%(ay) BY (ou)] = iam [A¢ BY,],
i=1
Ad = { A; _ B; }7 B —
(KiC+ K,CA;) (I+K;+ K\ CBy)|* ~
[K1BCZ’)ép,¢ KioDn KloD,,] , and di = [p} n;c+1]/ €

R™ ng = 2np, + ny,.

Notice that, both sequences 11 and 7y are, by definition,
bounded within the same set N, (4b). Thus, from (3)-(4),
the closed-loop system (11) is subject to the control rate
constraints represented by U, as well as to the augmented
state constraints represented by

- ~_[Xx0 n
E={&:X&G <1}, E= {o U} eRe ™, (12)

where l¢ = I, + [, and the augmented persistent distur-
bance bounds

P OO
0NO
0 0N

A={dy:Dd,<1,}, D= g€ Rlaxna  (13)

where In = [, + 21,,.

Now, we introduce the concept of contractive Robust Pos-
itively Invariant (RPI) set (also called A-invariant), with
a UB-set, extending to the parameter-varying augmented
system (11) the Definition 1 in (Briao et al., 2021, p. 9746).

Definition 1. A set £L € R™ 1is a contractive robust
positive invariant (RPI-) set of the system (11), with
ultimately bounded (UB-)set Lo C L, if for any initial
condition & = [z, ug]' € L and subject to any disturbance
sequence dj, = [P}, M n§€+1]/ € A, the corresponding state
trajectory remains inside £, converge to L£° in a finite

number of steps, and remains ultimately bounded within
£, for all oy, € S.

Hence, the control problem tackled in this work can
be formulated within the augmented state framework,
utilizing the above concept of RPI-set, as follows.

Problem 1. Find stabilizing control increment input gains
K(a), K(a) and K7 in (9), a large contractive RPI set
L C =, a small UB-set £° C £, such that, for any initial
condition & € L, dr € A, and for all oy, € S, the state
and control constraints, (3a) and (3b), and the control rate
variation constraint (3c) are fulfilled.

The following lemma is the foundation upon which the
algebraic conditions that guarantee the system’s stability
and constraint fulfillment are devised.

Lemma 1. Extended Farkas’Lemma (EFL): Consider two
polyhedral sets of R™, defined by P; = {z : Pix < ¢;}, for
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i = 1,2, with P; € R *™ and positive vectors ¢; € Rb»:.
Then P, C P5 or, equivalently, Pox < ¢o, Vo : Pz < ¢q, if
and only if there exists a non-negative matrix Q € Rlrz*te:
such that QP1 = PQ and Q¢1 S ¢2.

3. PROPOSED SOLUTION

To tackle Problem 1, we first define the polyhedral sets:

L= {& L& < 1,1, (14a)

L0 = {& : L& < ply,} (14b)
with L € R-*me, [ > ng, rank(L) = ng, and 0 < p < 1,
which guarantees £ C Lg. Note that £° is a homothetic
set of L with scale factor given by p. Moreover, the
matrix . = [Ly Ly] is composed by L, € Rirxna and
L, € Ri-*nu_ Where, [, defines the set complezity for both
L and £°.

Next, we propose the algebraic conditions that allow
solving Problem 1.

Proposition 1. For a plant represented by the LPV-
system (1)-(2), with associated constraints and distur-
bance bounds (3)-(4), Problem 1 admits a solution
(K(aw), £, L°) if, for some real scalars A € [0, 1) and
p € [0,1], and a given complezity I, > ng¢, there exist
matrices L = [Ly L] € Rirxne and J € R”ﬁXl", nonneg-
ative matrices H; € Ri-¥br vV, € Rirxmw 7, € Rirxmn,
Zl c erxn,,’ G ¢ Rl§><lr, Qi c RlXmr, T; c Rldxnp,
W; € RlaXm and W; € RY*"n guch that the followin

conditions are verified, for alli =1,..., N,
LA = H,L (15a)
LBy, = V;D (15b)
Hz'llr +Vi1lA S )\llT (150)
Hipl, +V,1;,, < (1—¢€)pl,, (15d)
X = GL (16a)
G1,, <1, (16b)
UglF; = QL (17a)
UsG; = T;D (17b)
Qil;, + Tillp <1, (17¢)
JL=1I,, (18)
where Gz = [chBpﬂ‘ KiDn Kan} and }FZ =

Proof: We firstly recall the existence of J such that (18)
holds, is equivalent to rank(L) = n¢ since, by hypothesis,
l, > ng, meaning that J is the pseudo-inverse matrix of
L Briao et al. (2021). The remaining proof is divided into
three parts:

1st Part - RPI of L, with contractivity and UB-set L°:
By considering the notation associated to the augmented
closed-loop system (11) and by resorting to convexity
arguments, the algebraic relations (15a)-(15d) admit the
infinite dimensional description, i.e. Vo € S, given by

H(ay)L = LA% (ay), (19a)

V(og)D = LBS (), (19b)

H(ak)llr + V(ak)llA <A1, (190)
H(ak)pllr + V(ak)llA < (1 - G)Pllr (19(1)
Zilil axH; and
V(ag) = Eivzl ak,; Vi Z; Zy] are non-negative matrices.

where, by construction, H(ay) =
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Thus, by resorting to the EFL, relations (19a)-(19¢) imply
the following one-step admissibility condition, which is
valid for any o € S and Vk > 0, thus proofing that £
is an RPI-set, with contraction factor A,

Lépr = L[ A% (ay) B (ay)] [fl’z

o8] [i] < [i:]

Next, by using similar arguments, the relations (19a),
(19b) and (19d) guarantee that £° is also an RPI polyhe-
dron, with contractive factor (1—¢). Hence, any trajectory
that reaches or emanates from £° C £ remains ultimately
bounded inside in it for any dj, € A, which shows that £°
is a UB-set associated to the RPI £°.

2nd Part - Constraints admissibility: From the EFL, (16)
guarantees £ C =, which means that any closed-loop
trajectory initiating inside L respect the state and control
constraints, X and Y. Next, as in the first part of this
proof, from (17b)-(17c), one obtains the following infinite
dimensional relations, which are also valid Vay, € S,

<AL, ,

UaF(ar) = Q(ag)L (20a)
UdG(ak) = T(Oék)D (20b)
Q(ar)ly, + Ty, ., < 1y, (20c)

with G(ax) = Zf;l 01.iG;, Flag) = vazl oy, iF;, and
Qo) = Y1, aniQs and T(ay) = Y.L, ans [Ti Wi Wi
are non-negative matrices by construction. Once more, by
resorting to the EFL, relations (20a)-(20c) guarantee that
the following condition holds true Vo, € S and Vk > 0:

Usbur = Ua[F(en) Glaw)] | § | <1,

i ][] (1]

which means that the control rate variation constraint is
verified for any trajectory starting from the RPI-set £ and
for any admissible disturbances p, € P and 1, € N.

3rd Part - Finite-time convergence: To show the finite-
time convergence of the trajectories starting from £ to Ly,
notice that nLo = {& @ L& < np}, with 1 <n < p71,is
also an RPI set of the system (1) and shares the guaranteed
contractivity coefficient A = (1 —¢€) < 1 of Ly. Thus,
proceeding as in the proof of Proposition 1 in Briao et al.
(2021), see also De Almeida and Dorea (2020), we can
conclude that for {, € noLo and for k > k = —logs no =

&k € Lo. The number k should be seen as a reference value
because the trajectory may reach Lo in a number of steps
k <k. m|

It is worth noting that if the LPV system (1) is not subject
to the control rate-variation constraint (3c), Proposition 1
can be easily adapted to find admissible solutions for an
instance of Problem 1 that considers only the state and
control constraints (3a) and (10). For that, it suffices to
remove the control-rate variation conditions (17a)-(17c)
from the proposed relations (15a) to (18).

Moreover, to apply the above Proposition to the LPV
systems unaffected by disturbances considered in Ernesto
et al. (2021), it suffices to remove the conditions (15b)
and (17b) and setting V;, Z;, Z1, T;, W; and W7 as zero in
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(15¢), (15d) and (17c). In addition, by considering K; =
0, we retrieve exactly the local asymptotic stabilization
conditions proposed by Theorem 1 of Ernesto et al. (2021).
Finally, to apply Proposition 1 to LTI systems, it suffices
not to consider the index 4, which yields du, = Kvy, with
K= [K K Kl].

4. BILINEAR OPTIMIZATION DESIGN

Notice that the algebraic relations in (15a) present bi-
linear terms involving the matrix decision variables H;,
L., and L, in its left-hand side, and L,, L., K;, K;, and
K in the right-hand side. Likewise, the left-hand side of
conditions (16a) and (18), and the right-hand side of (17a)
have bilinear products involving the matrices G, L, L,
J, and @;. The remaining conditions are all linear with
regard to the set of decision variables I' = {H;, V;, Z;, Z1,
G) Qi7 E7 Wi7 le Lwa LU7 Ki7 K17 Kia Ja )‘7 p}

Furthermore, in order to maximize the size of L, we
introduce the following auxiliary inequalities

vl <1, ,t=1,...,t (21)
where v, for t = 1,...,¢, are real positive scaling factors
associated to a given set U of ¢ > 0 directions ¢, € R"¢,
where

v = {%wt,t =1,...,t}. (22)

with ¢, = [ it ut] Yer € R™ and 9, € R, It
results in the following b1 linear optlmlzatlon problem:

maximize J = Z V¢ — ap

F77t
t=1
subject to  (15a) — (21), (23)
0<p<l,
ff() < ®e,

where: i) like the optimization problem in Briao et al.
(2021), the proposed weighted objective function J (v, p)
allows trading off the maximization of the external set £
through the scaling factors associated to the directions
in U, by considering J(v;) = X!_;v, and the relative
size of an internal set £°, represented by p; notice that,
for different choices of the weighting parameter «, the
optimization program (23) can provide different solutions
to Problem 1, which may also depend on the designer
choices of ¥ and I,.

ii) the additional constraints, represented by f(-) < g,
may be imposed on the decision variables for different
purposes, including the numerical ones, discussed in Briao
et al. (2021).

i4i) Optionally, 1, can also be considered as a sup-
plementary decision variable in (23). In such case, ¥
appears as additional degrees of freedom to allow for the
maximization of the projection of the positive invariant
sets £ and Ly in the system state-subspace R2. Otherwise,
it is possible to maximize the outer RPI set by choosing
the set of directions a priori.

5. EXAMPLES

The examples below were solved using the KNITRO solver
Byrd et al. (2006), with the Interior/CG (barrier) algo-
rithm, multi-start option, and the other solver’s default
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Figure 1. LTI, with o = 10

settings. The following additional constraints were consid-
eredLHh Vl) Zia Z17 G7 Qi7 E7 Wi7 Wla Yt - [07 102]7
K, K;, Ky, Ly, Ly : [-10%,10%], J : [-103,103].

5.1 Example 1

Consider the system (1) and constraints (3)-(4) repre-
sented by the following matrices,

11 b 1
A=) 5= [t] =[] cc=r01m =01,
with state and control constraints are defined from X =
[068 " _(1)] and U = [1 -1.25], meaning —1 <
x1 < 1.25, |zo] < 1 and —0.8 < u < 1. The persistent
disturbances are defined from P = N = [10 —10]'.

LTT system: We used the same model used in Briao
et al. (2021), Section 5.1.3, where we assume b = 2, a
maximum number of faces [, = 9, and the same sixteen
directions equally spaced in the system state-subspace R?,
here denoted ¢, ;. Notice that in Briao et al. (2021), the
chosen directions promote the enlargement of the sets
in the system state-subspace R? because we were only
considering x. = 0 as a valid initial condition. However,
for the present example, by leveraging all possible values
of initial conditions within £, we consider —1 < 4, ; < 1
as part of the decision variables in order to maximize the
projection of the RPI set, £, in the system state-subspace
R? through the chosen ¢+ directions.

In Table 1, we summarize the results for different values of
the weighting factor «, showing the resulting £ polyhedron
volume, the projection areas, the associated p values,
and the associated control gains. Notice that the areas
and volumes, computed utilizing the Multi-Parametric
Toolbox 3 (MPT3) decrease with the increase of «, just
as expected since bigger «’s indicate a bigger incentive
in building a smaller inner set, identifiable by the values
of p, instead of bigger outer sets. Furthermore, Figure
1 illustrates the sets £ and L, obtained for a = 10
and their projections, we also show in black the system
trajectories evolution over time. Highlighting that, for
an initial condition and randomly generated disturbances
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Figure 2. LPV, with —0.9 < du < 0.6

within the bounds previously stated, the trajectories go to
the region around the origin where it stays indefinitely.

LPV system: Next, we consider the input matrix to be
parameter varying, B(ag) = [b 1]/, by admitting 2 < b <
2.25, using the same v; directions and the set complexity
I, =9.

Y
04t 8
02t .

0 919 ? ¢ o !

VT e

£ 40 ]
04l ]
06} ]
08} -
Yooz 4 6 s 10 12 w16 1 2

Figure 3. duy evolution overtime

In Table 2 we show, for different ranges of control rate
variation constraints and a = 10, the £ volumes, their pro-
jection areas, the associated p values, and the associated
control gains. The results showcase the degrading of the
volumes and areas effect as the constraints increase, which
is especially observed when compared with the example
without restrictions to the control variation constraints.
Then, in Figure 2, we illustrate the sets £ and L obtained,
as well as the system’s trajectory, and their projections.
Finally in Figure 3, we show the evolution of the control
rate-variation over time to highlight that the trajectory
respects the given constraints for the trajectory originally
depicted in Figure 2. Notice that the initial conditions were
chosen close to the limits of the control constraints.

5.2 Coupled Tank

In this section, we apply the proposed technique to a
coupled tank system manufactured by Quanser®), which is
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’ o H L Volume | L Projection Area ‘ P ‘ [K K K1]
3.0736 4.5000 0.9931 0.5000 —0.5000 —0.6680
5 2.9757 4.5000 0.9080 0.4839 —0.5000 —0.6656
10 2.5674 4.3576 0.6464 0.4856 —0.5222 —0.7733
20 2.3301 4.1579 0.6130 0.4959 —0.5000 —0.7867

Table 1. LTI results

’ duj bounds H L Volume | L Projection Area ‘ P ‘ [Kl K; Kl] ‘

without 2.4217 4.4656 0.6710 | [0.4431 —0.5420 —0.7376
10.4661 —0.4377 —0.7376]

[-0.9, 0.6] 1.3584 4.4679 0.8864 | [0.4033 —0.5366 —0.6016
(0.4033 —0.4317 —0.6016]

[—0.7, 0.5] 1.1997 4.4028 0.9980 | [0.3743 —0.5575 —0.5551
10.3734 —0.4533 —0.5551]

[—0.5, 0.4] 0.3195 1.8801 0.9961 | [0.0000 —1.0324 —0.4231
[0.0000 —0.9849 —0.4231]

Table 2. Resulting Polyhedrons Areas and Volumes

installed at Concordia University laboratory. To showcase
the potential of the proposed technique, consider the
shifted system with an equilibrium point defined by Z., =
[15.25 14.87])" and 4.4 = 8.1, obtained experimentally, with
the shifted states defined as * = & — £, and the shifted
control variable 4 = @ — 14, resulting in the system in the
form of (1) with vertex matrices

A — [0.8925 0.0000] A — [0.8925 0.0000]
17 [0.1014 0.8925] * 2 T [0.0991 0.8514
Ao — [0.8515 0.0000] A, — [0.8515 0.0000]
87 0.1402 0.8925) * 7 T |0.1369 0.8515)
s — [0.8925 0.0000] A — [0.8925 0.0000]
5~ 0.1015 0.8925] * ¢ = 0.0991 0.8515|
A — [0.8515 0.0000] A — [0.8515 0.0000]
77 10.1369 0.8515] * ¥ T 0.1402 0.8925|
~ [0.1364 ~ [0.1364 ~ [0.1333
By = {0.0076} , B2 = _0.0075} ,Bs = {0.0106} ’
0.1333 [0.2250 0.2250
Ba= {0.0104} Bs = _0.0126}  Bo = {0.0124} !

[02199] . [0.2199
By = {0.0172} , Bs = {0.0175} :

For more details about the modeling, fuzzification, and dis-
cretization to obtain the fuzzy-TS model described above,
the reader is referred to Appendix A in Ernesto (2024).
Additionally, to encompass possible values of unmodelled
control input uncertainty, we considered B,; = B;, for
i = 1...8, with disturbance bounds within —0.1 < p; < 0.1,
meaning that we are robust to an input disturbance of
+10% of the control input u. Moreover, we considered the

output matrices as C' = [(1) (1]] = I and D, = 0. The
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systems constraints are —5 < z < 5 for both states,
—4 < u < 4, and —0.5 < du < 0.5, from which it

/
is possible to define matrices X = {82 O(')Q _8 9 8} ,

U = [-0.250.25]", U; = [-2 2], and the disturbance

matrix P = [~10 10]'. Notice, in particular, that the
state constraints correspond to the bounds considered in
the fuzzification process, meaning that the corresponding
sets X and U of state and control amplitude constraints
defines the validity for the considered Fuzzy T-S model
Klug (2015).

The obtained control gains from the optimization problem
(23), for @« = 1 are shown in Table 3. Notice that in
this application, the optimization problem (23) could not
provide the gain K7 # 0. For this reason, the simpler
increment input duy := f(yg, uk, ax), with K7 = [0 0] is
applied. The associated RPI sets £ and Ly are obtained
from the computed scalar p = 0.9183835 and matrix

[—0.0562469 —0.1580882 —0.0049959]
—0.0745239 —0.1346181 —0.0500129
0.0000000 —0.2000000 0.0000000
0.0000000  0.0000000  0.2500000
0.0000000  0.0000000 —0.2500000
—0.1236379 —0.0028597 —0.1872333

L= 0.0000000  0.2000000 0.0000000
0.0745239 0.1346181 0.0500129
0.0562469 0.1580882  0.0049959

—0.2000000 0.0000000 0.0000000
0.2000000  0.0000000  0.0000000
| 0.1236379  0.0028597  0.1872333 |

The resulting polyhedron has a projection area in R? that
covers 99.6994% of the state constraints X, and a volume
that covers 92.0450% of its augmented state constraints =,
showcasing the vast coverage of possible initial conditions
that leads to an ultimately bounded stable trajectory.

Finally, in Figure 4, we show the positive invariant poly-
hedrons in blue and trajectory evolutions over time in
black, as well their projections, highlighting the system
stability for different initial conditions. The initial condi-
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Ll K K
1 -0.0121 -0.0016 | -0.0966
2 -0.0073 -0.0006 | -0.0973
3 -0.0271 -0.0036 | -0.0902
4 || -0.0080 -0.0013 | -0.0940
5 -0.0347 -0.0008 | -0.1070
6 -0.0233 -0.0002 | -0.1128
7 || -0.0154 -0.0005 | -0.1090
8 -0.0591 -0.0089 | -0.0859

Table 3. Control gains

Figure 4. [, = 12, with |J,| < 0.5 and for u(0) =1

tions were generated by running the open-loop system with
u(0) = 1 for Figure 4. After the open-loop system reached
the associated equilibrium point, the system was switched
to the closed-loop system with the proposed controller.
Notice that the computed UB-set is conservative in its
size because of the choice of the weight « in the objective
function, which values a bigger RPI set instead of a smaller
UB-set, as well as how the control input disturbance was
conservatively modeled as an input disturbance.

6. CONCLUSION

In this work, a novel incremental output feedback con-
troller for constrained LPV systems subject to bounded
process and measurement noises has been presented, which
is especially capable of handling control variation con-
straints. The proposal utilizes the concepts of robust pos-
itive invariance to build a set of algebraic conditions that
guarantee the fulfillment of the system’s constraints even
in the presence of bounded disturbances. Moreover, the
algebraic conditions are utilized to develop a bilinear op-
timization problem whose objective function weights the
maximization of the RPI set in a given set of directions
or their projection in the system state-subspace with the
minimization of an inner set where the system trajectories
will be ultimately bounded. The properties of the proposed
strategy have been formally proved and verified through
numerical examples.

The proposed controller adds an extra degree of freedom
through the constant control gain K in comparison with
the previous work presented in Ernesto et al. (2021).
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Ongoing work considers this control gain as parameter-
dependent K (o), owing more degrees of freedom for de-
sign purposes at the expense of more numerical complexity
of the optimization problem.
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