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Abstract: The present work addresses the state estimation of a skid-steer mobile robot using a
Moving Horizon State Estimation (MHSE) approach and the approximation of this estimator
with a neural network. Initially, the results of the MHSE are compared with different prediction
horizons, along with an extended Kalman filter, yielding results that demonstrate the robustness
of the MHSE. Subsequently, the outputs of this estimator are used to train a neural network,
which will be employed to replace the estimator. The results showcase the potential of this
neural network, as it would eliminate the computationally expensive optimization process in the

state estimation.
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1. INTRODUCTION

Skid-steer (SS) mobile robots have been employed in var-
ious applications, including construction, manufacturing,
military, and agriculture (Guevara et al., 2020; Ha et al.,
2019; Vineet et al., 2021). These applications share com-
mon characteristics of challenging and/or hazardous envi-
ronments, where the use of an SS robot offers significant
advantages. The primary feature of SS robots is their abil-
ity to perform maneuvers by varying the wheel speeds on
either side, enabling high mobility on uneven surfaces (Do-
gru and Marques, 2019). Additionally, they possess a sim-
ple mechanical structure, higher load capacity, and can
achieve high speeds with low energy consumption (Khan
et al., 2021).

Due to the wheel slippage inherent to this robot’s model,
it is crucial to properly understand and model the dy-
namic behavior of these vehicles, making state estimation
techniques indispensable in these systems (Wang et al.,
2023; Biswas and Kar, 2022). Teji et al. (2023) presents
a compilation of several works on off-road mobile robots,
demonstrating the importance of wheel slip estimation and
the use of controllers to compensate for this effect. Singh
et al. (2019) present a survey on the implementation of
state estimators based on kinematic models.
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The Moving Horizon State Estimation (MHSE) approach
can be particularly useful in this context, as it allows for
continuous adaptation of the system’s state based on the
most recent information, enabling a more accurate and
dynamic estimation of the robot’s state in real-time. In
addition to MHSE, the Kalman filter (and its derivatives)
is widely used and well-documented in the literature.
In Liu et al. (2020), the authors combine sensors to jointly
estimate the position, orientation, velocity, and wheel
slip, incorporating the estimated values into the update
process of an Unscented Kalman Filter (UKF). Rodriguez
et al. (2021) also use the UKF, integrating contact force
estimates with the estimation of vehicle parameters and
states.

State estimation generally has a high computational cost,
but Javier Prado et al. (2020) developed an adaptive
control system for a mobile robot capable of adjusting
to different terrain conditions while following specific tra-
jectories. They combined state estimation with Moving
Horizon State Estimation (MHSE) and real-time control
using Model Predictive Control (MPC).

Liu et al. (2017) present a state estimator for a system
where sensors have different sampling rates, and they use
MHSE when there is a lack of samples from any of the
sensors. In (Prado et al., 2020), an MPC approach is used
to enhance control actions in the dynamic system of a skid-
steer (SS) mobile robot, also employing MHSE for state
and parameter estimation. This approach is subsequently
applied in real-time with distributed control to compensate
for both longitudinal and lateral slip, meaning a control
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for each effect (Prado et al., 2021). Meanwhile, (Wang
et al., 2023) estimate the road friction coefficient in two
stages: first, the estimator calculates the lateral forces from
the vehicle dynamics, and then it evaluates the friction
coefficient, thus decoupling the vehicle dynamics from the
wheel dynamics, which improves real-time performance.

Most previous works focusing on state estimation for skid-
steer robots use traditional state estimation methods, such
as Kalman filters and their derivatives. However, particu-
larly for nonlinear systems, MHSE demonstrates better
performance and allows for the inclusion of constraints
in the variable estimates, limiting their maximum and
minimum values. On the other hand, for previous works
that use MHSE, the model commonly does not account for
the slip inherent to this type of robot, or they suffer from
the additional computational cost generated by MHSE.

To mitigate these issues, the present work addresses the
state estimation of a skid-steer robot using a neural net-
work trained with data estimated by an MHSE, and com-
pares the latter with an Extended Kalman Filter (EKF),
which is already a widely used method in the literature for
state estimation in mobile robotics. The results show that
the MHSE estimates remain close to the actual values and
present an accuracy comparable to the EKF. Regarding
the neural network trained with these same estimates,
the validation results show similarity with the training
results, demonstrating the generalization capability of the
neural network and being able to correctly estimate the
system’s state. Using a neural network for state estimation
presents a considerably lower computational cost than the
MHSE, justifying its implementation and use for real-time
applications.

2. ROBOT MODELING

The configuration of the differential drive mobile robot
used in this study consists of two independently driven
wheels, with a local coordinate system xy fixed to its
chassis, which is at a distance d from the center of mass
(z¢,ye) of the system, defined relative to the inertial
coordinate system I,I,. Each wheel has a radius r, mass
my,, moment of inertia [, about the y-axis, angular

velocity #;, where i is L for left and R for right, and
moment of inertia I,,, about the z-axis. The robot’s chassis
has a mass m,., moment of inertia I.., and a width of
2b. The variables 2. and g. determine the robot’s linear
velocity along the I, and I,,, and ¢ represents the angular
velocity in the inertial frame. In the local coordinate
system, the robot has a longitudinal velocity v, and
angular velocity w. The wheel axis is at a distance ¢ from
the center of mass. The forces F;, and F,, acting on the
wheels represent the longitudinal traction forces between
the wheels and the ground. Figure 1 details the geometric
parameters of the robot, as well as the forces acting on it.

Assuming q = [¢p v, w 01 0]7 as the generalized coor-
dinates of the system, the wheel slip constraint can be
written from the kinematic constraints matrix (Tian et al.,

2009):
A(q)g=0 (1)

Since there is slippage, the friction forces between the
wheel and the ground, F'(q), must be present. The equa-
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Figure 1. Schematic of the mobile robot model.
tion of motion then has the following form:
M(q)§ = B(q)T + F(q) + A" (g)A (2)
with
M = diag[2m,b* + 2mw]c® + med® + 1o + 21,
00 Iy, Iu,] (3)
In the equation (2), M(q) is the inertia matrix, B(q) is

the vector transformation matrix 7 is the input vector and
A is the vector containing the Lagrange multipliers.

To eliminate the term A” (q)A from equation (2) using its
null space S, it is introduced v, an auxiliary vector defined
as v = [v; w O 01]7 (Campion et al., 1991).

4-

S(q)v )
(8" (q)M(q)S(q)) " (-S" (q)M(q)S(q)v)

+

; )
(8" (q)M(q)S(q)) "' 8" (q)(F(q) + B(q)T)
3. STATE ESTIMATION WITH MOVING HORIZON

Moving Horizon State Estimation (MHSE) can be consid-
ered a strategy for optimizing state estimates (Allgower
et al., 1999) in discrete time systems, which can be written

as follows:
{$k+1
Yi

where xyy1 is the state vector at time k + 1 (vector v),
Y, is the vector of states measured at time k, f(xk, uy) is
the equation of state that depends on the states x; (and
is calculated from equation (4)) and the control action
ug, h(xg,uy) is the measurement equation and vy, is the
disturbance from the measurement acquisition.

= f(zx, ur)
= h(xg, ur) + vg (5)

This noise and disturbances commonly present in the ac-
quisition of measurements in mobile robots justifies the use
of filters and estimators, given that the sensors themselves
can have inherent errors. Also, not every variable in system
state can be measured and they need to be calculated
based on the system’s state equations. In this way, the
MHSE helps in estimating unmeasured data and those
measured with noise.

With MHSE, the current state of the system is inferred
based on a finite sequence of past measurements, while
also incorporating information from the system’s dynamic
equation. Given an instant k, and a window of previous
measurements of size N, an optimal control problem
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can be formulated where the objective is to find the

best sequence of estimated states that fit the obtained

measurements. For this, the following cost function is used:
k

J(@,u,y) = [[Er-np—Tr-nilo+ D lvi—h@i)lk
i=k—N
(6)

where @j_ | are the k — N-th states estimated at time
k, ®j_n| are the states measured at the beginning of
the horizon. The matrices Q and R are, respectively, the
weights given to the relative importance of the model pre-
dictions and the weights given to the relative importance
of the measured values.

3.1 FEwvaluation metrics

To evaluate the estimators, two metrics will be used
in this work that relate the measured and estimated
states. The first is the Root Mean Square Error (RMSE),
which averages the squared differences between measured
and estimated values. Its formula can be seen in the
equation (7). The lower the RMSE value, the better the
estimate.

12

NEY
> (7)
1=1

The second evaluation method used will be the multiple
correlation coefficient (R?), given by the equation (8). This
metric has values within the range of 0 and 1, and the
closer to 1, the closer the estimate is to the real value.

> k=1 llexl

> [l — 2

4. NUMERICAL RESULTS

R*=1-

(®)

In this section, the results of the state estimation simula-
tion for the model presented in Section 2 with MHSE and
its replacement by a neural network trained with MHSE
outputs will be presented. The data regarding the system’s
input torques were obtained from (Ferreira et al., 2023),
which causes the robot to follow a trajectory in the shape
of a square on one side 10 meters.

The simulations were carried out in MATLAB, with the
optimization tool CasADi (Andersson et al., 2019) and the
numerical solver IPOPT (Wichter and Biegler, 2006) and
on a notebook with an Intel Core i7-9750H CPU @ 2.60
GHz, 8 GB RAM, and running Windows 10.

The physical parameters of the robot are presented in
Table 1. The predicted state weight matrices, measured
state weight matrices, estimation horizon, and sample time
of the MHSE are shown in Table 2, and the estimate
covariance matrix, covariance of the process noise, and
covariance of the observation noise matrices of the EKF are
shown in Table 3. And for both methods, the estimation
model is given by equation (5).

For this project, two neural networks were created using
the Levenberg-Marquardt algorithm: one for the orienta-
tion of the chassis and another for its speed. The network
for controlling chassis orientation has 20 layers and 15
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neurons, trained over 100 epochs. The network manag-
ing chassis speed is more compact, with 10 layers and 4
neurons, trained over 50 epochs.

Table 1. Parameters.

parameter description value
T wheel radius 0.1 m
b half the width of the robot 0.21'm
Me chassis mass 15 kg
Maw wheel mass 5 kg
I, moment of inertia of the chassis in the z axis ~ 0.6705 kgm?
Ly, moment of inertia of the wheel in the z axis 0.03465 kgm2
Ly, moment of inertia of the wheel in the y axis 0.0250 kgm?
o robot’s initial speed 4.8 m/s
Table 2. MHSE Parameters.
parameter description value
QrHSE predicted state weight [0 0 105 10 10°]
Ry use weight of measured states [107 107 107]
Ny HSE estimation horizon 15
TvHSE time sample 1072 s
Table 3. EKF Parameters.
parameter description value
Prkr estimate covariance matrix (103 103 103 103 107]
covariance of the ; ;
102 102 102 102 102
Qexr process noise [10% 10% 10% 107 107]
Rekr covariance of the observation noise (102 102 10?]

The estimated states were the orientation and linear speed
of the chassis, taking the angular speed of the chassis
and wheels as measurements. For both methods, noise was
added to the reference measurements, simulating inaccu-
racies found in sensors. The inserted noise is constructed
from a covariance matrix multiplied by a random variable
with a normal distribution, mean 0, and standard devia-
tion 1. Initially, the results comparing the EKF with the
MHSE for the orientation and linear speed of the chassis
and the wheel slips with horizon N = 5 will be pre-
sented, as well as the numerical metrics for the average of
RMSE and R? for each state measured. Subsequently, com-
parisons between MHSE and the neural network trained
with MHSE outputs for another trajectory are presented,
obtaining an approximate estimator for the system. The
tuning of the @ and R matrices was performed empirically.

4.1 Estimation with MHSE

Figure 2 presents the estimation of the chassis orientation
with EKF and MHSE and the comparison in relation to
the real measurement, obtained from the simulation. It is
initially observed that the estimation curves closely follow
the real measurement. Between seconds 6 and 8, a larger
error occurs for both EKF and MHSE, but this does not
lead to system instability. The accuracy of both methods
is high.

This similarity between the estimates and the real mea-
surement is also seen in Table 4. In addition to the nu-
merical evaluations for horizon N = 5, metrics for other
estimation horizon values are presented. The error table
shows that MHSE has higher R? values than EKF in
most estimation horizons, indicating a better ability to
explain variations in orientation. Additionally, the RMSE
for MHSE is lower in most horizons, suggesting greater
precision of MHSE in estimating orientation.
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—EKF
- MHSE
-Ground Truth |

0 2 4 6 8 10

Figure 2. Chassis orientation estimation. In dotted line
and red the EKF method, in dotted line and blue the
MHSE method, and in dash-dot-dash and black line
the real measurement.

Table 4. Comparison of metrics for estimating
states with simulated data.

R? RMSE
Variable ~ stmation —prep y\ihgh EKF  MHSE
Horizon (N)

5 0.0976 0.0730

10 0.9986 0.0448

é 15 0.9920 0.9911 0.1265  0.1262
20 0.9540 0.3293

25 0.9963 0.0013

5 0.0855 0.0439

10 0.9858 0.0448

Vg 15 0.9523  0.9842 0.0660  0.0479
20 0.9835 0.0476

25 0.9866 0.0436

—EKF
2 -+ MHSE
~=-Ground Truth

0 2 4 6 8 10

Figure 3. Estimation of chassis linear speed.

The linear speed estimate of the chassis is seen in Figure 3,
with EKF showing more abrupt variations. During rapid
velocity changes, especially between seconds 6 and 8, both
methods show an increase in estimation error. However,
these discrepancies do not lead to system instability. The
metric values in Table 4 reveals that MHSE has higher R?
values than EKF across all estimation horizons, suggesting
a better match between MHSE estimates and real velocity
values. Moreover, the RMSE for MHSE is consistently
lower than for EKF, indicating greater precision of MHSE
in estimating linear velocity. And since the evaluation time
of the MHSE optimization cost function is directly related
to the horizon size, only the graphs for N = 5 were
presented.

4.2 Neural Network

As mentioned, to create the neural network, the output
data from MHSE was used. This approach was presented
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by Lopes et al. (2023), in which the neural network is
trained from the MHSE output data, replacing it in the
estimation process to reduce computational cost. The
proposed strategy is presented in Figure 4. Simulated data
of a robot on a square-shaped trajectory is processed
by MHSE to estimate the orientation and velocity of
the chassis. These estimates are then used to train the
neural network. Simulated data from a double lane change
trajectory is used to validate the created neural network.

square-shaped MHSE
. trajectory Orientation
Simulated Neural
— And
Data Network .
double lane change trajectory Velocity

Figure 4. Flow diagram showing the training and valida-
tion process of a neural network to replace MHSE for
estimating the orientation and velocity of a robot.

The neural network used for the chassis angular position
has 15 neurons, 20 layers and 100 epochs; the neural
network for longitudinal speed was created with 4 neurons,
10 layers and 50 epochs.

Figures 5 and 6 show the trained neural network and the
comparison with the MHSE output data. Note that the
curves for both the orientation and linear speed of the
chassis are similar. This similarity is especially evident
during moments of significant change in orientation, when
there is a notable shift in the reference values.

—Neural Network
’ | | | — ‘MHSE |
0 2 4 6 8 10

Figure 5. Neural network training data for chassis orienta-
tion.

v_(m/s)

25 —Neural Network
= ‘MHSE
2 . . . |

0 2 4 6 8 10

Figure 6. Neural network training data for chassis longitu-
dinal speed.

The training metrics can be seen in Table 5, highlighting
the similarities of the curves.

Once the neural network has been trained, validation is
performed with data from a double lane change trajectory.
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Table 5. Comparison of metrics between neural
network training and validation data.

Training Validation
Variable R? RMSE R? RMSE
1) 1 0.0030 0.9689 0.0423
Vg 0.9894 0.0388 0.8605 0.1380

Figure 7 presents the neural network validation for chas-
sis orientation, showing compliance between the neural
network output data and the data estimated by MHSE.
The most significant differences occur around 8 seconds,
which correspond to the moments of lane change. These
deviations are expected due to the dynamic and rapid
nature of these changes but do not compromise the overall
accuracy of the neural network.

0.5

—Neural Network
- ‘MHSE

¢ (rad)

-0.5

t(s)

Figure 7. Neural network validation data for chassis orien-
tation.

The longitudinal speed, as illustrated in Figure 8, presents
a more pronounced variation compared to the reference,
especially during the curves of the trajectory.

—Neural Network
- MHSE \

Figure 8. Neural network validation data for chassis longi-
tudinal speed.

Errors between training and validation results are reflected
in the metrics, shown in Table 5. Figure 9 shows the RMSE
over time between the reference and output of the neural
network validation data for chassis orientation, with the
difference between the data becoming evident, especially
when changing lanes.

Meanwhile, in Figure 10, the RMSE over time between
the reference data and the neural network validation data
output for speed is observed, with a notable increase in
error during lane change.

The processing times between MHSE and the neural net-
work trained for different estimation horizons are also pre-
sented. Note that the neural network time is considerably
shorter than that of MHSE, in the order of 1072 s.
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—Training
—Validation

Figure 9. Comparison between the error of the training
and validation data of the neural network for chassis
orientation.

0.6

—Training
05F — Validation

Figure 10. Parallel between the error of the training
and validation data of the neural network for the
longitudinal speed of the chassis.

Table 6. Comparison between the computa-
tional cost of the MHSE estimation and the
neural network inference time.

Time (s)
Estimation
Horizon (N) MHSE  Neural Network
5 6.0100 0.0609
10 6.5951 0.0266
15 7.6987 0.0261

4.8 Discussion

As observed in Table 4, the variation in the estima-
tion horizon does not significantly alter the calculation
of the chassis’ longitudinal orientation and speed. The
MHSE proved capable of accurately estimating unobserv-
able states (orientation and longitudinal speed), obtaining
an accuracy in the same dimension as the EKF, already
widely used in the literature. The evaluations of the neu-
ral network showed that its training results were well
aligned with the reference data, however the output of
the validation data did not presented the same level of
correspondence. This disparity can be attributed to the
scarcity of data available for training, totaling 995 points,
and the discrepancy in patterns between the training and
validation datasets. The limited number of training points
resulted from the nature of the simulation due to chal-
lenges faced in optimizing the MPC parameters. It turns
out that, despite the error, the computational efficiency of
the trained neural network makes it a viable alternative
to replace MHSE when the estimator needs to be used in
real-time on the robot. Additionally, the error can still be
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considered low, given that the system is highly dynamic
and the magnitude of the errors is small relative to the
speed reached by the robot, which is around 5 m/s during
the lane change trajectory.

5. CONCLUSION

This article discussed the state estimation of a skid-steer
mobile robot using MHSE and approximating this estima-
tor with a neural network. The estimation results demon-
strate the effectiveness of MHSE in accurately estimating
the unobservable states of a differentially driven mobile
robot. With performance metrics comparable to EKF, a
widely used technique, MHSE stands out for its ability to
continuously adapt the system model based on the latest
information. However, despite the advances provided by
MHSE, the implementation of neural networks to further
improve state estimation faces significant challenges, espe-
cially in ensuring the generalization of results. The results
obtained with the neural network were promising in terms
of processing time, but also revealed the importance of a
representative training data set and adequate tuning of the
model parameters. Therefore, the next step would be to
explore regularization and data augmentation techniques
to improve the generalization and robustness of the neural
network in different operational scenarios.
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