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Abstract: This paper presents a novel delay-dependent condition for static output-
feedback (SOF) control of discrete-time linear parameter-varying (LPV) systems with time-
varying delay and actuator saturation. The SOF control design conditions are obtained by
employing Lyapunov-Krasovskii stability arguments. To ensure the correct operation of the
closed-loop system, a region of admissible initial conditions is determined by solving an opti-
mization problem. A numerical example is presented to illustrate the potential and effectiveness
of the proposed conditions.
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1. INTRODUCTION

Linear parameter-varying (LPV) systems-based ap-
proaches are recognized as an effective way to develop con-
structive stability analysis and control synthesis conditions
for nonlinear systems (Peixoto et al., 2020). Additionally,
it is noteworthy that the control of systems subject to
actuator saturation is also a relevant topic since saturation
occurs in several applications due to physical and technical
constraints of the actuators or even for security reasons.
However, if the presence of saturation is neglected during
the control design, it may lead to undesired oscillation,
performance degradation, or even instability (Tarbouriech
et al., 2011). Hence, studying LPV systems under actuator
saturation is an issue of both theoretical relevance and
practical significance.

Despite its theoretical and practical importance, few pa-
pers investigate the static output feedback (SOF) control
design of LPV systems under actuator saturation, which
is mainly related to the fact that the SOF control design is
generally recognized as a challenging topic due to its non-
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141252/2021-9; 315538/2021-0; 308265/2022-0) and FAPEMIG
(Grant numbers: APQ-03595-22; APQ-04096-22).

convex characterization (Sadabadi and Peaucelle, 2016),
even in the case of linear systems. The SOF control design
for Takagi-Sugeno fuzzy models with input saturation has
been presented in Nguyen et al. (2017). In Nguyen et al.
(2018) and Goyal et al. (2022), design techniques for SOF
controllers of saturated continuous-time LPV and poly-
topic systems, respectively, have been provided. Recently,
a new approach to deal with the SOF control problem of
discrete-time LPV systems subject to actuator saturation
has been introduced by Peixoto et al. (2022a).

In the last decades, stability analysis and stabilization of
linear time-delay systems have also been a very active
research field. The interest relies on the fact that time
delay is a phenomenon normally encountered in control
systems such as communication systems, networked con-
trol systems, engineering systems, and epidemics, among
others (Fridman, 2014). The presence of time delays can
also adversely impact system performance, resulting in
degraded operation, unintended oscillations, and potential
instability. Within this context, the Lyapunov–Krasovskii
stability theory has been mainly considered to obtain less
conservative stability and stabilization criteria that are
usually written as linear matrix inequalities (LMIs).

However, it can also be noticed that scant attention has
been paid to the SOF control problem of discrete-time sys-
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tems with time-varying delays. The cone complementary
linearization algorithm has been employed to derive SOF
control design conditions for linear (Zhang et al., 2007;
He et al., 2008) and singular fuzzy (Chen et al., 2017)
discrete-time systems with time-varying delay. Recently,
novel conditions have been stated for the SOF control
design of nonlinear discrete-time LPV systems (Peixoto
et al., 2020), and Takagi-Sugeno fuzzy models (Peixoto
et al., 2022a) with time-varying delay. Nevertheless, to the
best of our knowledge, there are no works in the literature
that handles the SOF control design of discrete-time LPV
systems with time-varying delay and actuator saturation.
Hence, based on the forenamed discussion, the main con-
tributions of this paper are summarized as follows:

• A novel delay-dependent based-LMI condition for the
design of SOF control of constrained LPV systems
with input saturation and time-varying is provided.
The suitable selection of a Lyapunov-Krasovskii func-
tional, the use of Wirtinger-based inequality, the
delay-dependent Moon’s inequality, and the choice of
an appropriate augmented vector allow the develop-
ment of new stabilization conditions.

• The set of admissible initial states is estimated inside
of the domain of validity Dx to ensure the correct
operation of the closed-loop system.

Outline. The remainder of this paper is organized as fol-
lows. The class of discrete-time LPV systems and the prob-
lem definition are described in Section 2. The conditions
proposed in this work are derived in Section 3. A numerical
example is provided in Section 4 to illustrate the method,
and the final remarks are given in Section 5.

Notation: Z+ is the set of positive integers, and N≤m =
{1,2, . . . ,m}, for some m ∈ Z+; Rn denotes the n-
dimensional Euclidean space, and Rm×n is the set of all
m×n real matrices. Sn+ is the set of symmetric and positive-
definite matrices of order n. The identity matrix of order
n is denoted by In and the null matrix of order n × m
by 0n×m; diag(A,B) stands for a block diagonal matrix
whose elements are A,B. It is defined He{X} = X +X⊤.
λmax(X) is the maximum eigenvalue of the matrix X.
For a vector x, xi denotes its i-th entry. For a matrix
X, Xj denotes its j-th row and Xi,j denotes the entry
in the i-th row and j-th column. Cn denotes the space
of the functions mapping the set {−h,−h + 1, . . . ,0} into
Rn. For any ϕ ∈ Cn, ∥ϕk∥ = maxk∈{−h,...,0} ∥ϕk∥2 and

∥∆ϕk∥ = maxk∈{−h,...,0} ∥∆ϕk∥2, being ∆ϕk = ϕk+1−ϕk,
and ∥ · ∥2 is the Euclidean norm.

2. PROBLEM FORMULATION

2.1 System description

Consider the following discrete-time LPV system with
time-varying delay and actuator saturation

xk+1 = A(αk)xk +Ad(αk)xk−hk
+B(αk)sat(uk), ∀k ∈ Z+

yk = C(αk)xk,

xk = ϕk, k ∈ {−h, . . . , 0},
(1)

where xk ∈ Rnx is the state vector, uk ∈ Rnu is the
input vector, yk ∈ Rny is the output vector, and ϕk is

the initial condition. Matrices A(αk), Ad(αk), B(αk), and
C(αk) belong to a polytopic domain parameterized by the
time-varying parameters αk ∈ ΛN , with αi,k being the i-th
entry at time k. In other words:[

A(αk) Ad(αk) B(αk)
C(αk)

]
=

N∑
i=1

αi,k

[
Ai Adi

Bi

Ci

]
,

being N the number of vertices of the polytope and ΛN is
the simplex

ΛN =

{
αk ∈ RN :

N∑
i=1

αi,k = 1, αi,k ≥ 0, i ∈ N≤N

}
.

The control input is subject to the component-wise satu-
ration map sat(·) : Rnu → Rnu defined as

sat (ul,k) = sign (ul,k)min (|ul,k| , ūl) , ∀l ∈ N≤nu
,

where ūl ∈ R, with ūl > 0, is the maximum allowed bound
of the l-th control input component due to the actuator
saturation.

The following assumptions are considered for system (1).

Assumption 1. The time-varying parameter αk ∈ ΛN can
be measured or estimated online.

Assumption 2. The time-varying delay hk satisfies h ≤
hk ≤ h, for ∀k ∈ N, where the lower bound h and the
upper bound h are given positive integers.

Assumption 3. The region where the LPV system (1) is
valid is a polytope containing the origin described by

Dx = {x ∈ Rnx : bjx ≤ 1, j ∈ N≤ne
} ,

where ne is the number of hyper-planes and bj ∈ Rnx

defines the j-th hyper-plane.

2.2 Problem definition

Consider the following gain-scheduled SOF controller

uk = X(αk)
−1L(αk)yk, (2)

being L(αk) ∈ Rnu×ny and X(αk) ∈ Rnu×nu the control
gains to be designed. The resulting closed-loop system is

xk+1 =
(
A(αk) +B(αk)X(αk)

−1L(αk)C(αk)
)
xk

+Ad(αk)xk−hk
−B(αk)ψ(uk),

(3)

where ψ(uk) = uk − sat(uk) is the dead-zone nonlinearity,
which can be handled by using the following lemma.

Lemma 1. (Adapted from Nguyen et al. (2017)).
Consider the parameter-dependent diagonal matrix
S(αk) ∈ Snu

+ and the parameter-dependent matrix
U(αk) ∈ Rnu×nx , ∀αk ∈ ΛN . Let the set

Du =
{
x ∈ Rnx :

∣∣(S(α)−1U(α)
)
l
x
∣∣ ≤ ūl

}
. (4)

If xk ∈ Du, then

ψ(uk)
⊤S(αk)

[
uk−ψ(uk)−S(αk)

−1U(αk)xk
]
≥ 0, (5)

for any uk ∈ Rnu .

The following control problem is addressed in this paper.

Problem 1. Given the LPV system (1), design the gain-
scheduled static output-feedback controller (2) such that
the origin of (3) is locally asymptotically stable. Further-
more, determine the set of admissible initial conditions
R0 for which the state trajectories of the closed-loop sys-
tem (3) converge towards the origin remaining constrained
into the validity domain Dx ∩ Du.

Sociedade Brasileira de Automática (SBA) 
XVI Simpósio Brasileiro de Automação Inteligente e X Simpósio Brasileiro de Sistemas de Elétricos, 17 a 18 de outubro de 2023 

ISSN: 2175-8905 / 2177-6164 0218 DOI: 10.20906/SBAI-SBSE-2023/3806



3. MAIN RESULTS

This section provides SOF stabilization conditions for
discrete-time LPV systems with time-varying delay and
actuator saturation.

Theorem 1. For given positive integers h and h, where
h < h, and a scalar ϵ ∈ R>0, if there exist parameter-
dependent matrices X(αk) ∈ Rnu×nu , L(αk) ∈ Rnu×ny ,
H(αk) ∈ Rny×ny , M1(αk) ∈ Rnx×nx , M2(αk) ∈ Rnu×ny ,
M3(αk) ∈ Rnx×nx , M4(αk) ∈ Rnu×ny , M5(αk) ∈ Rnx×nx ,
M6(αk) ∈ Rnu×ny , M7(αk) ∈ Rnu×ny , M8(αk) ∈ Rnu×ny ,
U(αk) ∈ Rnu×nx , a diagonal matrix S(αk) ∈ Snu

+ , positive
definite matrices P , O,D ∈ Snx

+ , R1, R2, Z1, Z2 ∈ Snx
+ , and

matrices T , E, Q ∈ Rnx×nx , Y1, Y2 ∈ R(8nx+ny+2nu)×2nx ,
such that following inequalities hold

P > 0, R1 > 0, R2 > 0, Z1 > 0, Z2 > 0, (6)[
P b⊤j
⋆ 1

]
≥ 0, j ∈ N≤ne

, (7)[
P Ul(αk)

⊤

⋆ ϵū2l (2S(αk)l,l − ϵ)

]
≥ 0, l ∈ N≤nu

, (8)[
Φ(h) Y2
Y ⊤
2 −Z̃2

]
< 0,

[
Φ(h) Y1
Y ⊤
1 −Z̃2

]
< 0, (9)

where

Φ(h) = φ+He
{
Γ⊤(h)PF1

}
−He

{
Γ⊤(h)PF2

}
, (10)

Φ(h) = φ+He
{
Γ⊤(h)PF1

}
−He

{
Γ⊤(h)PF2

}
, (11)

φ = F⊤
1 (P +Π1)F1 − F⊤

2 PF2 −G⊤
1 Z̃1G1 + R̃

−He{Y1G2+Y2G3}+ S(αk) + S(αk)
⊤

+He{U(αk)B(αk)}, (12)

Z̃1 = diag (Z1, 3σ (h)Z1) , Z̃2 = diag (Z2, 3Z2) ,

Π1 = diag
(
h2Z1 + h̃2Z2, 02nx

)
,

R̃ = diag
(
0nx , R1,−R1 +R2,0nx ,−R2,03nx+ny+2nu

)
,

vi =
[
0nx×(i−1)nx

Inx
0nx×(8−i)nx

0nx×(ny+2nu)

]
,

v̄l =
[
0nu×(8nx+ny) 0nu×(1−l)nu

Inu
0nu×(2−l)nu

]
,

ṽ =
[
0nu×nx

−U(αk) 0nu×(6nx+ny+2nu)

]
,

v̂ =
[
0ny×8nx

Iny
0ny×2nu

]
,

Γ(h) =

 v2
hv6

(h− h)v7

 , Γ(h) =
 v2

hv6
(h− h)v8

 ,
F1 =

[
v1 − v2
v6 − v3

v7 + v8 − v4 − v5

]
, G3 =

[
v4 − v5

v4 + v5 − 2v8

]
,

F2 =

0nx×(8nx+ny+2nu)

v6 − v2
v7 + v8 − v3 − v4

 , P =

 P Q T
Q⊤ O E
T⊤ E⊤ D

 ,
G1 =

[
v2 − v3

v2 + v3 − 2v6

]
, G2 =

[
v3 − v4

v3 + v4 − 2v7

]
,

S(αk) =

[
0(8nx+ny+nu)×(8nx+ny+2nu)

ṽ + S(αk)v̄1 − S(αk)v̄2

]
,

B(αk) =

[
A(αk)v2+Ad(αk)v4 +B(αk)v̄1 −B(αk)v̄2 − v1

C(αk)v2 − v̂
L(αk)v̂ −X(αk)v̄1

]
,

U(αk) =



M1(αk) B(αk)M2(αk) B(αk)
M3(αk) B(αk)M4(αk) ϵB(αk)
0nx×nx 0nx×ny 0nx×nu

M5(αk) B(αk)M6(αk) ϵB(αk)
04nx×nx

04nx×ny
04nx×nu

0ny×nx ϵH(αk) 0ny×nu

0nu×nx
M7(αk) Inu

0nu×nx
M8(αk) 0nu


,

with i ∈ N≤8, l ∈ N≤2 and h̃ ≜ h− h, such that σ (h) = 1
(if h = 1) or σ (h) = (h+ 1) / (h− 1) (if h > 1). Then, for
every initial condition ϕk belonging to the region

R0 ≜ {ϕk ∈ Cnx : ∥ϕk∥ ≤ ρ1, ∥∆ϕk∥ ≤ ρ2} ,
the closed-loop system (3) is asymptotically stable for any
integer time-varying delay hk ∈ {h, . . . , h} via the static
output-feedback control law in (2) and remains confined
in the region

R ≜
{
xk ∈ Rnx : x⊤k Pxk ≤ 1

}
,

where ρ1 and ρ2 are scalars that satisfy to

κ1ρ
2
1 + κ2ρ

2
2 = 1,

with

κ1 =(1 + h2 + h̃2) (λmax(P)) + hλmax(R1) + h̃λmax(R2),

κ2 =
1

2

[
h2(1 + h) (λmax(Z1))+h̃

2(1 + h+ h) (λmax(Z2))
]
.

(13)

Proof. Assume that the inequalities (6)–(9) hold and that
ϕk ∈ R0, xk ∈ R. Consider the Lyapunov–Krasovskii
functional (LKF) candidate given by

W (ϕk) = V (xk) + U(ϕk), (14)

where
V (xk) = x⊤k Pxk,

U(ϕk) =
3∑

i=1

Ui(ϕk),

with

U1 = ϖ⊤
k P̃ϖk,

U2 =
k−1∑

i=k−h

x⊤i R1xi+

k−h−1∑
i=k−h

x⊤i R2xi,

U3 = h
0∑

i=−h+1

k∑
j=k+i

η⊤j Z1ηj + h̃

−h∑
i=−h+1

k∑
j=k+i

η⊤j Z2ηj ,

being

ϖk =

xk, k−1∑
i=k−h

xi,

k−h−1∑
i=k−h

xi

 , P̃ =

0nx Q T
Q⊤ O E
T⊤ E⊤ D

 ,
and ηi = xi−xi−1. Notice that the LKF in (14) is positive
definite, since (6) ensures that P > 0, R1 > 0, R2 > 0,
Z1 > 0, and Z2 > 0. Now, multiplying (7) by

[
−x⊤k 1

]
on

the left and by its transpose on the right, it results in

1 + x⊤k P (αk)xk − x⊤k b
⊤
j − bjxk ≥ 0.

Since for all xk ∈ R, one has x⊤k Pxk ≤ 1, it implies that
bjxk ≤ 1. This proves the inclusion R ⊂ Dx.

Next, since (S(αk) − ϵ)2 ≥ 0, it follows that S(αk)
2 ≥

ϵ(2S(αk) − ϵ), for any ϵ ∈ R>0. Based on this inequality,
the condition (8) implies
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[
P Ul(αk)

⊤

⋆ ū2l S(αk)
2
l,l

]
≥ 0, l ∈ N≤nu

, αk ∈ ΛN . (15)

Based on Schur’s complement Lemma, (15) implies

P − 1

ū2l S(αk)2l,l
Ul(αk)

⊤Ul(αk) ≥ 0, ∀l ∈ N≤nu
.

Pre- and post-multiplying the last equation by x⊤k and xk,
respectively, it yields that

ū2l V (xk)− x⊤k S(αk)
−2
l,l Ul(αk)

⊤Ul(αk)xk ≥ 0,

with V (xk) given in (14). Since V (xk) ≤ 1, ∀xk ∈ R, it
follows that (4) holds and R ⊂ Du is ensured.

Next, it is intended to derive an upper bound to ∆W (xk)
by employing the following augmented vector

ζk=(xk+1, xk, xk−h, xk−hk
, xk−h, ν1k , ν2k , ν3k , yk, uk,ψ(uk)),

where

ν1k = 1
h+1

k∑
i=k−h

xi, ν2k = 1
hk−h+1

k−h∑
i=k−hk

xi,

ν3k = 1

h−hk+1

k−hk∑
i=k−h

xi.

Provided that

ϖk =(F2 + Γ(hk)) ζk,

ϖk+1 =(F1 + Γ(hk)) ζk,

where

Γ(hk)=

 v2
hv6

(hk − h)v7 + (h− hk)v8

 ,
then ∆(V (xk) + U1(ϕk)) can be written as

∆(V (xk) + U1(ϕk)) = ζ⊤k

[
(F1 + Γ(hk))

⊤ P (F1 + Γ(hk))

− (F2 + Γ(hk))
⊤ P (F2 + Γ(hk))

]
ζk.

Moreover, the computation of ∆U2(ϕk) leads to

∆U2(ϕk) =x
⊤
k R1xk + x⊤k−h (R2 −R1)xk−h

− x⊤
k−h

R2xk−h

which can be written as

∆U2(ϕk) = ζ⊤k R̃ζk.

Finally, the computation of ∆U3(ϕk) results in

∆U3(ϕk) = η⊤k+1

(
h2Z1 + h̃2Z2

)
ηk+1

− h
k∑

i=k−h+1

η⊤i Z1ηi − h̃

k−h∑
i=k−h+1

η⊤i Z2ηi,

that can be rewritten as

∆U3(ϕk) =η
⊤
k+1

(
h2Z1 + h̃2Z2

)
ηk+1 − h

k∑
i=k−h+1

η⊤i Z1ηi

− h̃

k−hk∑
i=k−h+1

η⊤i Z2ηi − h̃

k−h∑
i=k−hk+1

η⊤i Z2ηi.

Now, based on the Wirtinger inequality (Seuret et al.,
2015, Lemma 2), with the definitions of F1, G1, G2 and G3

in (12), the following upper-bound is derived for ∆U3(ϕk)):

∆U3(ϕk) ≤ ζ⊤k

[
F⊤
1 Π1F1 −G⊤

1 Z̃1G1

]
ζk

− ζ⊤k

[
G2

G3

]⊤ [
h̃

hk−h Z̃2 02nx

02nx

h̃

h−hk
Z̃2

] [
G2

G3

]
ζk.

Re-injecting the expressions of ∆V (xk), ∆U1(ϕk),
∆U2(ϕk), and the upper bound of ∆U3(ϕk), into the ex-
pression of W (ϕk), it leads to

∆W (ϕk) ≤ ζ⊤k

[
(F1 + Γ(hk))

⊤ P (F1 + Γ(hk))

− (F2 + Γ(hk))
⊤ P (F2 + Γ(hk)) + R̃

+F⊤
1 Π1F1 −G⊤

1 Z̃1G1

]
ζk

− ζ⊤k

[
G2

G3

]⊤ [
h̃

hk−h Z̃2 02nx

02nx

h̃

h−hk
Z̃2

] [
G2

G3

]
ζk,

it follows from the Moon’s inequality (Liu et al., 2017,

Lemma 3), with ϑ =
(hk−h)

h̃
, that

∆W (ϕk) ≤ ζ⊤k Ξ(hk)ζk, (16)

where

Ξ(hk) =F
⊤
1 (P +Π1)F1 +He

{
Γ⊤(hk)PF1

}
− F⊤

2 PF2

−He
{
Γ⊤(hk)PF2

}
+ R̃−He{Y1G2 + Y2G3}

−G⊤
1 Z̃1G1 + ϑY1Z̃

−1
2 Y ⊤

1 + (1− ϑ)Y2Z̃
−1
2 Y ⊤

2 .

According to (5), the following inequality is satisfied

ψ(uk)
⊤S(αk)

[
uk−ψ(uk)−S(αk)

−1U(αk)xk
]
≥ 0,

which can be rewritten as a function of the augmented
vector ζk as

ζ⊤k
(
S(αk) + S(αk)

⊤) ζk ≥ 0. (17)

Then from (16) and (17), the forward difference of the LKF
candidate is negative if

∆W (ϕk) ≤ ζ⊤k
(
Ξ(hk) + S(αk) + S(αk)

⊤) ζk ≤ 0. (18)

Defining

B̃(αk)=

A(αk)v2 +Ad(αk)v4 +B(αk)v̄1 −B(αk)v̄2 − v1
C(αk)v2 − v̂

X(αk)
−1L(αk)v̂ − v̄1

 ,
such that B̃(αk)ζk = 0. Considering

Ũ(αk) =



M1(αk) B(αk)M2(αk) B(αk)X(αk)
M3(αk) B(αk)M4(αk) ϵB(αk)X(αk)
0nx×nx

0nx×ny
0nx×nu

M5(αk) B(αk)M6(αk) ϵB(αk)X(αk)
04nx×nx 04nx×ny 04nx×nu

0ny×nx
ϵH(αk) 0ny×nu

0nu×nx M7(αk) X(αk)
0nu×nx M8(αk) 0nu


,

and using Finsler’s lemma arguments, the negative defi-
niteness of (18) is ensured if

Ξ(hk)+S(αk)+S(αk)
⊤+Ũ(αk)B̃(αk)+B̃(αk)

⊤Ũ(αk)
⊤ < 0.
(19)

It follows from Schur Complement in (19) that[
Φ(h) Y2
Y ⊤
2 −Z̃2

]
< 0,

[
Φ(h) Y1
Y ⊤
1 −Z̃2

]
< 0, (20)
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with Φ(h) and Φ(h) defined in (10) and (11), respec-
tively. Notice that (20) is exactly (9), which is affine and,
consequently, convex concerning hk, implying that (9) is
negative definite for all hk ∈ {h, . . . , h}.
Finally, considering the LKF defined in (14), one has

V (xk) ≤W (ϕk),

and

W (ϕ0) ≤ (1 + h2 + h̃2) (λmax(P)) ∥ϕ0∥22
+ hλmax(R1)∥ϕ0∥22+h̃λmax(R2)∥ϕ0∥22
+ 0.5h2(1 + h) (λmax(Z1)) ∥∆ϕ0∥22
+ 0.5h̃2(1 + h+ h) (λmax(Z2)) ∥∆ϕ0∥22

≤ κ1∥ϕ0∥22 + κ2∥∆ϕ0∥22,
with κ1 and κ2 defined as in (13). Therefore, one has

W (ϕ0) ≤ κ1ρ
2
1 + κ2ρ

2
2.

Provided that κ1ρ
2
1 + κ2ρ

2
2 = 1, then

V (xk) ≤W (ϕk) < W (ϕ0) ≤ 1.

Thus, for initial conditions inside of R0, the trajectories
converge to the origin without leaving the region R. This
concludes the proof. ■

3.1 Enlargement of Admissible Initial Condition Set

The results in Theorem 1 guarantee the local asymptotic
stability of the origin of the closed-loop system (3), how-
ever, it is of interest to obtain an enlarged set of admissible
initial conditions. Similar to (Chen et al., 2019; Peixoto
et al., 2022b), the following optimization problem is con-
sidered to enlarge the regions R0 and R:

min ϱ

s.t. :



LMIs in (6), (7), (8), (9)

P ≤ diag(J1,J2,J3)

J1 ≤ p1In, J2 ≤ p2In, J3 ≤ p3In
R1 ≤ r1In, R2 ≤ r2In
Z1 ≤ β1In, Z2 ≤ β2In

(21)

where J1, J2, J3 ∈ Sn+, p1, p2, p3, r1, r2, β1, β2 ∈ R≥0, and

ϱ = p1 + h2p2 + h̃2p3 + hr1 + h̃r2+

0.5(h2)(1 + h)β1 + 0.5(h̃2)(1 + h+ h)β2.

If the optimization problem is feasible, κ1 and κ2 are
determined by

κ1 = λ(J1) + h2λ(J2) + h̃2λ(J3)+hλ(R1)+h̃λ(R2),

κ2 =
1

2
h2(1 + h)

(
λ(Z1)

)
+
1

2
h̃2(1 + h+ h)

(
λ(Z2)

)
.

(22)

Notice that the admissible bounds of R0, ρ1 and ρ2, are
determined by κ1ρ

2
1 + κ2ρ

2
2 = 1. In particular, if ρ1 =

ρ2 = ρ, then ρ = 1/
√
κ1 + κ2. The finite-dimensional

LMI relaxation in Appendix A is employed to convert the
parameter-dependent conditions proposed in this paper
into finite sets of LMIs to be numerically tested. The
routines were implemented in Matlab using the parser
Yalmip, and the solver MOSEK.

4. NUMERICAL EXAMPLE

Consider the following nonlinear system with time-varying
delay adapted from Peixoto et al. (2022b):

x1,k+1 =0.2x1,k + 0.5x2,k + 0.1x1,k−hk
−0.1x21,ksat(uk)

x2,k+1 =x1,k + 0.5x31,k + x2,k + 0.1x21,kx2,k−hk
+ sat(uk),

y1,k =x1,k,
(23)

where Dx =
{
x ∈ R2 : |x1| ≤ 1, |x2| ≤ 3

}
and ū = 1.5.

Applying the sector nonlinearity approach (Tanaka and
Wang, 2004, Chapter 2) with the scheduling parameter
as ρ(xk) = x21 ∈ [0, 1], a quasi-LPV fuzzy model with 2
vertices is obtained with the following matrices:

A1 =

[
0.2 0.5
1 1

]
, A2 =

[
0.2 0.5
1.5 1

]
, Ad,1 =

[
0.1 0
0 0

]
,

Ad,2 =

[
0.1 0
0 0.1

]
, B1=

[
0
1

]
, B2=

[
−0.1
1

]
, C1=C2= [1 0] .

The time-varying parameters can be computed as α1,k =
1− x21,k, and α2,k = 1− α1,k.

In this example, the purpose is to design the gain-
scheduled SOF controller (2) obtaining an enlarged set of
admissible initial conditions such that the origin of the
closed-loop system (23) is asymptotically stable. Initially,
it is evaluated the influence of the maximum delay bound
h over the estimated set of admissible initial conditions,
which is related to the minimization of ϱ. Table 1 shows
the values of ϱ obtained by solving the optimization prob-
lem (21) for different values of h, with h = 1 and ϵ = 0.55.
The maximum delay reached for feasibility is h = 4. Recall
that for larger values of h, the value of ϱ increases, and
consequently, the size of R0 tends to reduce.

Table 1. Minimum ϱ for different values of
h with h = 1 and ϵ = 0.55 such that the

optimization problem (21) is feasible.

h 2 3 4

ϱ 1.8223 2.3194 3.2697

For h = 1, h = 3, and ϵ = 0.55, the gain-scheduled SOF
controller obtained with the optimization problem (21) has
the following vertices:

L1=− 0.4591, L2 = −0.6210, X1 = 0.34277, X2 = 0.28733.

From (22), κ1 = 1.9543 and κ2 = 0.3649 are obtained, and
for ρ1 = ρ2 = ρ, one obtains ρ = 0.6566.

Figure 1 depicts the set of admissible initial conditions
for the closed-loop system (23) with several closed-loop
trajectories initiating inside of R0. Notice that all these
trajectories converge to the origin without leaving the
regionR ⊂ (Dx∩Du). Furthermore, some divergent closed-
loop trajectories initiating outside the region R, but inside
of the region Dx ∩ Du, are also provided to illustrate the
effectiveness of the proposed approach and the relevance
of the estimation of the admissible initial condition region.

All simulations were performed considering the time-
varying delay hk = round (2 + sin (0.5kπ)) and the follow-
ing initial condition ϕ0 = x0,

ϕ−3 =

[
0.2702
0.4207

]
, ϕ−2 =

[
−0.2081
0.4546

]
, ϕ−1 =

[
−0.4950
0.0706

]
.

5. CONCLUSIONS

This paper has addressed the SOF control of time-delay
LPV systems subject to actuator saturation. The SOF
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Figure 1. Set of admissible initial conditions R0 ⊂ R ⊂
(Dx ∩ Du) for h = 1 and h = 3 with convergent
trajectories (in blue) initiating at the border of R0

and divergent trajectories (in green) leaving the set
Dx with initial conditions denoted by “×”.

control design condition has been derived by employing
Lyapunov-Krasovskii stability arguments. To ensure the
correct operation of the closed-loop system, a region of
admissible initial conditions has been determined by solv-
ing an optimization problem. The efficacy of the proposed
approach has been effectively showcased through a numer-
ical example.
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Appendix A. LMI RELAXATION

The LMIs proposed in this paper are parameter-
dependent, and all variables are assumed to depend
affinely on the time-varying parameter αk. These prob-
lems can be numerically solved using the following finite-
dimensional LMI conditions.

Lemma 2. Let Γijq = Γ⊤
ijq, i,j,q ∈ N≤N , be matrices

of appropriate dimensions. The polynomially parameter-
dependent condition

Γ(αk) =

N∑
i=1

N∑
j=1

N∑
q=1

αi,kαj,kαq,kΓijq < 0 (A.1)

is certified if the following LMIs hold for all i,j,q ∈ N≤N :

Γiii < 0, i = j = q (A.2)

Γiiq + Γiqi + Γqii < 0, i = j, j < q

Γiqq + Γqiq + Γqqi < 0, i < j, j = q

Γijq + Γiqj + Γjiq + Γjqi + Γqij + Γqji < 0, i < j, j < q.

Proof. The parameter-dependent matrix Γ(αk) in (A.1)
can be equivalently rewritten as follows:

Γ(αk) =
N∑
i=1

α3
i,kΓiii+

N−1∑
i=1

N∑
q=i+1

α2
i,kαq,k (Γiiq + Γiqi + Γqii)

+
N−1∑
i=1

N∑
q=i+1

αi,kα
2
q,k (Γiqq + Γqiq + Γqqi)

+
N−2∑
i=1

N−1∑
j=i+1

N∑
q=j+1

αi,kαj,kαq,k (Γijq + Γiqj + Γjiq

+Γjqi + Γqij + Γqji) .

Therefore, LMIs (A.2) are sufficient to ensure that (A.1)
holds. ■
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